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Introduction 

Mentioning (co)homology theory in the context of differential equations 
would sound a bit ridiculous some 30-40 years ago: what could be in com¬ 
mon between the essentially analytical, dealing with functional spaces the¬ 
ory of partial differential equations (PDE) and rather abstract and algebraic 
cohomologies? 

Nevertheless, the Erst meeting of the theories took place in the papers 
by D. Spencer and his school ([46, 17]), where cohomologies were applied 
to analysis of overdetermined systems of linear PDE generalizing classi¬ 
cal works by Cartan [12]. Homology operators and groups introduced by 
Spencer (and called the Spencer operators and Spencer homology nowadays) 
play a basic role in all computations related to modern homological appli¬ 
cations to PDE (see below). 

Further achievements became possible in the framework of the geometri¬ 
cal approach to PDE. Originating in classical works by Lie, Backhand, Dar- 
boux, this approach was developed by A. Vinogradov and his co-workers 
(see [32, 61]). Treating a differential equation as a submanifold in a suit¬ 
able jet bundle and using a nontrivial geometrical structure of the latter 
allows one to apply powerful tools of modern differential geometry to anal¬ 
ysis of nonlinear PDE of a general nature. And not only this: speaking 
the geometrical language makes it possible to clarify underlying algebraic 
structures, the latter giving better and deeper understanding of the whole 
picture, [32, Ch. 1] and [58, 26]. 

It was also A. Vinogradov to whom the next homological application to 
PDE belongs. In fact, it was even more than an application: in a series of 
papers [59, 60, 63], he has demonstrated that the adequate language for La- 
grangian formalism is a special spectral sequence (the so-called Vinogradov 
C-spectral sequence ) and obtained first spectacular results using this lan¬ 
guage. As it happened, the area of the C-spectral sequence applications is 
much wider and extends to scalar differential invariants of geometric struc¬ 
tures [57], modern held theory [5, 6, 3, 9,18], etc. A lot of work was also done 
to specify and generalize Vinogradov’s initial results, and here one could 
mention those by I. M. Anderson [1, 2], R. L. Bryant and P. A. Griffiths 
[11], D. M. Gessler [16, 15], M. Marvan [39, 40], T. Tsujishita [47, 48, 49], 
W. M. Tulczyjew [50, 51, 52], 

Later, one of the authors found out that another cohomology theory (C- 
cohomologies) is naturally related to any PDE [24], The construction uses 
the fact that the infinite prolongation of any equation is naturally endowed 
with a hat connection (the Cartan connection) . To such a connection, one 
puts into correspondence a differential complex based on the Frolicher- 
Nijenhuis bracket [42, 13]. The group H° for this complex coincides with 
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the symmetry algebra of the equation at hand, the group H 1 consists of 
equivalence classes of deformations of the equation structure. Deformations 
of a special type are identified with recursion operators [43] for symmetries. 
On the other hand, this theory seems to be dual to the term E\ of the 
Vinogradov C-spectral sequence, while special cochain maps relating the 
former to the latter are Poisson structures on the equation [25]. 

Not long ago, the second author noticed ([56]) that both theories may be 
understood as horizontal cohomologies with suitable coefficients. Using this 
observation combined with the fact that the horizontal de Rham cohomology 
is equal to the cohomology of the compatibility complex for the universal 
linearization operator, he found a simple proof of the vanishing theorem 
for the term Ei (the “A;-line theorem”) and gave a complete description of 
C-cohomology in the “2-line situation”. 

Our short review will not be complete, if we do not mention applications 
of cohomologies to the singularity theory of solutions of nonlinear PDE 
([35]), though this topics is far beyond the scope of these lecture notes. 

The idea to expose the above mentioned material in a lecture course at 
the Summer School in Levoca belongs to Prof. D. Krupka to whom we are 
extremely grateful. 

We tried to give here a complete and self-contained picture which was 
not easy under natural time and volume limitations. To make reading eas¬ 
ier, we included the Appendix containing basic facts and definitions from 
homological algebra. In fact, the material needs not 5 days, but 3-4 semes¬ 
ter course at the university level, and we really do hope that these lecture 
notes will help to those who became interested during the lectures. For fur¬ 
ther details (in the geometry of PDE especially) we refer the reader to the 
books [32] and [34] (an English translation of the latter is to be published 
by the American Mathematical Society in 1999). For advanced reading we 
also strongly recommend the collection [19], where one will find a lot of 
cohomological applications to modern physics. 


J. Krasil'shchik 
A. Verbovetsky 
Moscow, 1998 
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1. Differential calculus over commutative algebras 

Throughout this section we shall deal with a commutative algebra A over 
a field k of zero characteristic. For further details we refer the reader to [32, 
Ch. I] and [26], 

1.1. Linear differential operators. Consider two ^-modules P and Q 
and the group Hom k (P, Q). Two A-modulc structures can be introduced 
into this group: 

(aA)(p) = aA(p), (a + A)(p) = A (ap), (1.1) 

where a e A, p e P, A e Hom k (P, Q ). We also set 

&a( A) C i A qA, Sa, 0 .....a k 5 ao O • • • O S ak , 

a 0 ,..., a,k e A. Obviously, S a ^ = 5b )a and S a b = a + 5b + bS a for any a, b G A. 

Definition 1 . 1 . A k-homomorphism A: P —> Q is called a linear differ¬ 
ential operator of order < k over the algebra A, if <5 ao ,...,a fc (A) = 0 for all 
Oo, • • •; a/- € A. 

Proposition 1 . 1 . If M is a smooth manifold, are smooth locally trivial 
vector bundles over M, A = C°°(M ) and P = T(£),Q = T(C) are the 
modules of smooth sections, then any linear differential operator acting from 
f to ( is an operator in the sense of Definition 1.1 and vice versa. 

Exercise 1.1. Prove this fact. 

Obviously, the set of all differential operators of order < k acting from 
P to Q is a subgroup in Hom k (P, Q ) closed with respect to both multi¬ 
plications (1.1). Thus we obtain two modules denoted by Difffc(P, Q) and 
Diff^(P, Q) respectively. Since a{b + A) = 6 + (aA) for any a,b e A and A e 
Hom k (P, Q ), this group also carries the structure of an A-bimodule denoted 
by Dif^ +) (P,Q). Evidently, Diff„(P,Q) = Diff+(P,Q) = Hom 4 (P, Q). 

It follows from Definition 1.1 that any differential operator of order < k 
is an operator of order < l for all l > k and consequently we obtain the 
embeddings Diff[ +) (P, Q) C Diff| +) (P, Q), which allow us to define the 
filtered bimodule Diff^(P, Q) = (J fc>0 Diff[. + ^(P, Q). 

We can also consider the Z-graded module associated to the filtered mod¬ 
ule Diff (+) (P, Q): Smbl (P,Q) = 0 fc > o Smbl k (P,Q), where Smbl fc (P, Q) = 

Diff[, +) (P, <5)/Diff[)l ) 1 (P, Q), which is called the module of symbols. The el¬ 
ements of Smbl(P, Q) are called symbols of operators acting from P to Q. 
It easily seen that two module structures defined by (1.1) become identical 
in Smbl(P, Q). 

The following properties of linear differential operator are directly implied 
by the definition: 
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Proposition 1.2. Let P,Q and R be A-modules. Then: 

(1) If Ai G Difffc(P, Q) and A 2 G Diffi(g,P) are two differential opera¬ 
tors, then their composition A 2 o Ai lies in Diffjt + /(P, R). 

(2) The maps 

i ' + : Diff k (P,Q) Diff+(P,g), i+A Diff+(P,Q) ^ Diff fc (P,g) 

generated by the identical map o/Hom k (P, Q) are differential opera¬ 
tors of order < k. 

Corollary 1.3. There exists an isomorphism 

Diff + (P, Diff + (g, R)) = Diff + (P, Diff(Q, R)) 

generated by the operators L + and i + A 

Introduce the notation Diff^(g) = Diff (A, Q) and define the map 
T>k : Diff+(Q) —> Q by setting T>k( A) = A(l). Obviously, T>k is an operator 
of order < k. Let also 

V ; : Diff+(P,Q) ^ Hom A (P,Diff+(g)), A h- V>a, (1.2) 

be the map defined by ftp a (p))(a) = A(ap), p G P, a G A. 

Proposition 1.4. The map (1.2) is an isomorphism of A-modules. 

Proof. Compatibility of if with A-module structures is obvious. To complete 
the proof it suffices to note that the correspondence 

Hom A (P, Diff+(g)) 9 p i- V k o p G Diff+(P, Q) 

is inverse to if. □ 

The homomorphism ip a is called Diff- associated to A. 

Remark 1.1. Consider the correspondence P =>■ Diff^ (P,Q) and for any 
A-homomorphism /: P —> R define the homomorphism 

Diff+(/,Q): Diff+(if,Q) -> Diff+(P,Q) 

by setting Differ(/, g)(A) = A o /. Thus, Diff^(-,g) is a contravariant 
functor from the category of all A-modules to itself. Proposition 1.4 means 
that this functor is representable and the module Diff^ (Q) is its represen¬ 
tative object. Obviously, the same is valid for the functor Diff + (-,g) and 
the module Diff + (g). 

From Proposition 1.4 we also obtain the following 
Corollary 1.5. There exists a unique homomorphism 

c k ,i = c fc) ,(P): Diff+(Diff+(P)) - Diff fc+ ,(P) 



such that the diagram 

Diff+(Diff+(J>)) 

Ck,l 

Diff t + i(P) 

is commutative. 


Diff+(P) 


'Dk+l 

- > 


Vi 


P 


Proof. It suffices to use the fact that the composition 

Pi o Pk : Difffc(Diff/(P)) —> P 

is an operator of order < k + l and to set Ck,i = □ 


The map Ckj is called the gluing homomorphism and from the definition 
it follows that (cfc^(A))(a) = (A(a))(l), A € Diff^"(Diff z + (P)), a G A. 


Remark 1.2. The correspondence P Diff^(P) also becomes a (covari¬ 
ant) functor, if for a homomorphism /: P —> Q we define the homomor¬ 
phism Diff +(/): Diff+(P) -> Diff+(Q) by Diff+(/)(A) = f o A. Then 
the correspondence P c^(P) is a natural transformation of functors 
Diff^" (Diff ; + (-)) and Diff^ +i (-) which means that for any ^4-homomorphism 
f: P —> 0 the diagram 


Diff+(Diff+(P)) 

c k,l{P) 

Diff t + i(P) 


Diff+(Diff+(/)) 


Diff+ +i (/) 


Diff+(Diff+(g)) 

cfc.KQ) 

Diff t + i(Q) 


is commutative. 

Note also that the maps Ck,i are compatible with the natural embed¬ 
dings Diff+(P) —> Diffj"(P), k < s, and thus we can define the gluing 
c*,*: Diff + (Diff + (-)) —> Diff + (-). 


1.2. Multiderivations and the Diff-Spencer complex. Let A® k = 

A • • • (g) k A, k times. 


Definition 1.2. A k-linear map V: A® k —> P is called a skew-symmetric 
multiderivation of A with values in an A-module P, if the following condi¬ 
tions hold: 


(1) Uj+i,..., a if) T V(ai,..., a^i , u*,..., aif) 0, 

(2) V,..., a*_i, ab, a^. j_i,..., 

oV(ai, • • • , Uj—1; b, • • • , Ofc) T &V(c?l, • • - , Uj—1; Gg ®i+l) ■ ■ ■ • Ufc) 

for all a,b, ai,..., ak G A and any i, 1 < i < k. 
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The set of all skew-symmetric /^-derivations forms an A-module denoted 
by Dfc(P). By definition, Do(P) = P. In particular, elements of Di(P) are 
called P-valued derivations and form a submodule in Diffr(P) (but not in 
the module Diff^(P)!). 

There is another, functorial definition of the modules D/-(P): for any 
V G Dfc(P) and a G A we set (aV)(ai,..., a*,) = aV(ai, ..., a*,). Note hrst 

that the composition 71 : Di(P) Diffi(P) -—> Diff^(P) is a monomor- 
phic differential operator of order < 1 . Assume now that the first-order 
monomorphic operators 7 $ = 7 'i(P): D*(P) —> Dj_i(Diff^(P)) were defined 
for all i < k. Assume also that all the maps 7 \ are natural 4 operators. 
Consider the composition 

D*(Diff+(P)) i D*_,(DiffJ(Diff+(P))) — - ‘ - " V. 1 , Dn(Diff+(P)). 

(1.3) 

Proposition 1.6. The following facts are valid: 

(1) D fc+ 1 (P) coincides with the kernel of the composition (1.3). 

(2) The embedding 7 ^+ 1 : D*, + i(P) Dfc(Diff^(P)) is a first-order dif¬ 
ferential operator. 

(3) The operator 7 k+1 is natural. 

The proof reduces to checking the definitions. 

Remark 1.3. We saw above that the A-module D*. + 1 (P) is the kernel of the 
map Dfc_ 1 (ci i i) 07 ^., the latter being not an A-module homomorphism but a 
differential operator. Such an effect arises in the following general situation. 

Let F be a functor acting on a subcategory of the category of A-modules. 
We say that F is k-/inear, if the corresponding map Fpq : Homk(P, Q) —> 
Honik(P, Q ) is linear over k for all P and Q from our subcategory. Then 
we can introduce a new A-module structure in the the k-modulc F(P) by 
setting aq = (F(a))(g), where q G F(P) and F(a): F(P) —> F(P) is the 
homomorphism corresponding to the multiplication by a: p 1 —> ap, p G P. 
Denote the module arising in such a way by F'(P). 

Consider two k-linear functors F and G and a natural transformation A: 
P^ A(P) GHom k (F(P),G(P)). 

Exercise 1.2. Prove that the natural transformation A induces a natural 
homomorphism of A-modules A': F'(P) —> G'(P) and thus its kernel is 
always an A-module. 

From Dehnition 1.2 on the preceding page it also follows that elements 
of the modules D fc (P), k > 2, may be understood as derivations A: A —► 

4 This means that for any A-homomorphism /: P —> Q one has 7 fQ) o Dj(/) = 
D,_ 1 (Diff+(/))o 7 i (P). 
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Dfc_i(P) satisfying (A(a))(6) = —(A(6))(a). We call A (a) the evaluation 
of the multiderivation A at the element a G A. Using this interpretation, 
define by induction on k + l the operation A: D fc (0 (g)^ D;(P) —> D fc+i (P) 
by setting 

a A p — ap, a G D 0 (A) = A, p G D 0 (P) = P , 

and 

(A A V)(a) = A A V(a) + (-l) z A(a) A V. (1.4) 

Using elementary induction on k + l, one can easily prove the following 

Proposition 1.7. The operation A is well defined and satisfies the follow¬ 
ing properties: 

(1 ) A A (A'A V) = (AaA')AV, 

(2) (oA + a'A') A V = oA A V + a A' A V, 

(3) A A (aV + a'V') = aA A V + a'A A V', 

(4) A A A' = (—l) kk 'A' A A 

for any elements a, a' G A and multiderivations A G Dfc(A), A' G T> k fiA), 
VGD,(P), V'gD,,(P). 

Thus, D*(A) = 0 fc>o D fc (A) becomes a Z-graded commutative algebra 
and D*(P) = 0 fc>o D fc (P) is a graded D*(0-rnodule. The correspondence 
P =>■ D*(P) is a functor from the category of ^-modules to the category of 
graded D* (0-modules. 

Let now V G Dfc(Diff z + (P)) be a multiderivation. Dehne 

(5(V)(oi,..., a fc _i))(a) = (V(ai,..., a k - 1 , a)(l)), (1.5) 

a, ai,..., a k ~ i G A. Thus we obtain the map 

5:D fc (Diff+(P))-D*_ 1 (Diff+ 1 (P)) 
which can be represented as the composition 

D t (Diff+(P)) i Dt^DiffftDiff+fP))) D ‘~‘ (c ‘- I> . D l _ 1 (Diff+ ,(P)). 

(1.6) 

Proposition 1.8. The maps S: Dfc(Diff+(P)) —> D^-^Diff^^P)) possess 
the following properties: 

(1) S is a differential operator of order < 1. 

(2) S o S = ti. 

Proof. The first statement follows from (1.6), the second one is implied 
by (1.5). □ 
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Definition 1.3. The operator S is called the Diff -Spencer operator. The 
sequence of operators 

O^P^- Diff + (P) ^ Diff + (P) 4 ^ D 2 (Diff + (P)) 4 - 

is called the Diit-Spencer complex. 

1.3. Jets. Now we shall deal with the functors Q Difffc(P, Q) and their 
representability. 

Consider an A-module P and the tensor product A ® k P. Introduce an 
A-modulc structure in this tensor product by setting 

a{b ®p) = ( ab ) <g> p, a,b e A, p e P, 

and consider the k-linear map e: P —> A £g> k P defined by e(p) = 1 <£> p. 
Denote by p k the submodule in A ® k P generated by the elements of the 
form (<5o 0 ,...,a fc (e))(p) for all a 0 ,..., a k G A and p G P. 

Definition 1.4. The quotient module {A®^P)/p k is called the module of 
k-jets for P and is denoted by J k (P). 

We also define the map jk: P —» J k (P ) by setting jk(p) = e(p) mod p k . 
Directly from the definition of p k it follows that jk is a differential operator 
of order < k. 

Proposition 1.9. There exists a canonical isomorphism 

if: Diff k (P,Q) -> Horn A (J k (P),Q), A ^ if A , (1.7) 

defined by the equality A = fj A o j k and called Jet -associated to A. 

Proof. Note first that since the module J k {P ) is generated by the elements 
of the form jk(p), P £ P, the homomorphism 76 A , if defined, is unique. To 
establish existence of fj A , consider the homomorphism 

V : Hom j4 (A ® k P, Q) Hom k (P, Q), 77 ( 93 ) = 9 ? o e. 

Since 93 is an A-homomorphism, one has 

6a(w(<p)) = ba(.V o e) = 93 O s a (e) = 77(60(93)),, a e A. 

Consequently, the element 77 ( 93 ) is an operator of order < k if and only if 
93 ( 7 /') = 0, i.e., restricting 77 to Diff k (P,Q) C Hom k (P, Q) we obtain the 
desired isomorphism if. □ 

The proposition proved means that the functor Q Diff*.(P, Q) is repre¬ 
sentable and the module J k (P) is its representative object. 

Note that the correspondence P =>■ J k (P) is a functor itself: if 93 : P —4 Q 
is an A-module homomorphism, we are able to define the homomorphism 
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J k ((p) : J k (P ) —> J k (Q) by the commutativity condition 


P —^ 




3k 

- > 


J k {P) 

J k (v ) 

•7‘W) 


The universal property of the operator j k allows us to introduce the nat¬ 
ural transformation c k,l of the functors J k+l {•) and J k (J l (-)) defined by 
the commutative diagram 


P 

jk+l 

J k *‘(P) 


J'(P) 

| 3 k 


J k {J\P)) 


It is called the co-gluing homomorphism and is dual to the gluing one dis¬ 
cussed in Remark 1.2 on page 8. 

Another natural transformation related to functors J k {-) arises from the 
embeddings p l /A, l > k, which generate the projections vi.k : J l (P) —■> 
J k [P ) dual to the embeddings Diff k (P,Q) r ~^ Diff;(P, Q). One can easily 
see that if /: P — > P’ is an A-module homomorphism, then J k (f) o u lk = 
° J\f)- Thus we obtain the sequence of projections 


J\P ) 


, fc — 1 


^(P) 


J\P) ^ J°(P) = P 


and set J°°(P) = proj lim J k (P). Since v i k o j t = j k) we can also set 
Joo = proj lirnjfc: P -> J°°(P). 

Let A: P —> Q be an operator of order < k. Then for any l > 0 we have 
the commutative diagram 


P 


3k+l 


J k+ \P) 


Q 


31 


J\Q ) 


where ^ A = i/P ioA . Moreover, if V > /, then vyj, o -0 A = -0 A o and 

we obtain the homomorphism ip A : J co {P) —> 

Note that the co-gluing homomorphism is a particular case of the above 
construction: c k ’ 1 = 'ip k . Thus, passing to the inverse limits, we obtain the 
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co-gluing c 00 ’ 00 : 


P 


Joo 


J°°(P) 


Joo 


Joo 


J°°(P) 1 7°°( 1 7°°(P)) 


1.4. Compatibility complex. The following construction will play an im¬ 
portant role below. 

Consider a differential operator A: Q —> Qi of order < fc. Without 
loss of generality we may assume that its Jet-associated homomorphism 
iJj a \ J k (Q) —> Qi is epimorphic. Choose an integer Aq > 0 and define Q 2 
as the cokerncl of the homomorphism i]) A : J k+kl (Q ) —>■ ff k (Qi), 

0 J k+kl (Q) ^ J kl (Qi) - Q 2 -> 0 . 

Denote the composition of the operator j kl : Qi —>• i7 fcl (Qi) with the natural 
projection i7 fcl (Qi) —> Q 2 by Ai: Qi —> Q 2 . By construction, we have 

Ai O A = -0 Al O j kl O A = -0 Al O O j fc+fcl . 

Exercise 1.3. Prove that Ai is a compatibility operator for the operator A, 
i.e., for any operator V such that V o A = 0 and ord V > k±, there exists 
an operator □ such that V = Do Aj. 


We can now apply the procedure to the operator Ai and some integer k 2 
obtaining A 2 : Q 2 —> Q 3 , etc. Eventually, we obtain the complex 

0-^qAQj^Q^-* Qi Q l+1 -> • • • 

which is called the compatibility complex of the operator A. 


1.5. Differential forms and the de Rham complex. Consider the em¬ 
bedding f3: A —> J l (A) defined by /3(a) = 071 ( 1 ) and define the module 
A 1 = J l (A)/ ini fj. Let d be the composition of j\ and the natural projec¬ 
tion J X (A3) —> A 1 . Then d: A —> A 1 is a differential operator of order < 1 
(and, moreover, lies in Di(A 1 )). 

Let us now apply the construction of the previous subsection to the opera¬ 
tor d setting all k t equal to 1 and preserving the notation d for the operators 
dj. Then we get the compatibility complex 

0 —> A 4 A 1 4 A 2 -+ A k 4 A fc+1 -> ■ ■ ■ 

which is called the de Rham complex of the algebra A. The elements of A A: 
are called k-forms over A. 

Proposition 1.10. For any k > 0, the modide A k is the representative 
object for the functor D*,(-). 
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Proof. It suffices to compare the definition of A k with the description of 
D k(P) given by Proposition 1.6 on page 9. □ 

Remark 1.4. In the case k — 1, the isomorphism between Horrid (A 1 , •) and 
Di(-) can be described more exactly. Namely, from the definition of the 
operator d: A — > A 1 and from Proposition 1.9 on page 11 it follows that any 
derivation V: A —> P is uniquely represented as the composition V = 92 v od 
for some homomorphism : A 1 —> P. 

As a consequence Proposition 1.10 on the page before, we obtain the 
following 

Corollary 1.11. The modide A k is the k-th exterior power of A 1 . 

Exercise 1.4. Since Dfc(P) = Hom^(A fc ,P), one can introduce the pairing 
(•,•): D k fP) ® A k —* P. Prove that the evaluation operation (see p. 10) 
and the wedge product are mutually dual with respect to this pairing, i.e., 

(A", da A lu) = ( X ( a),uj) 

for all X E D fc+ 1 (P), uj E A k , and a E A. 

The following proposition establishes the relation of the de Rham differ¬ 
ential to the wedge product. 

Proposition 1.12 (the Leibniz rule). For any u G A k and 6 E A 1 one has 
dfu A 9) = du A 0 + (—l) fc ca A dd. 

Proof. We first consider the case l = 0, i.e., 6 = a E A. To do it, note 
that the wedge product A: A fc 8)^4 A 1 —> A k+l , due to Proposition 1.10 on 
the preceding page, induces the natural embeddings of modules D fc+ ;(P) —> 
Dfc(D;(P)). In particular, the embedding Dfc + i(P) —> Dfc(Di(P)) can be 
represented as the composition 

Dfc+/(P) ^ D fc (Diff+(P)) 4 D fc (D 1 (P )) 1 

where (A(V))(ai,..., a k ) = V(cq,..., a k ) - (V(ai,..., a fc ))(l). In a dual 
way, the wedge product is represented as 

A k ® A A 1 j\A k ) ^ A k+ \ 
where A '(ca 8 da) = (— l) k (ji(ua) — ji(ca)a). Then 

(—l) fc A uda = (—l) fc '0 d (A / (c 0 ® da)) 

= ^(jiipja) — ji(cu)a) = dfuia ) — d(u)a. 
The general case is implied by the identity 

d{uj A da) = (—l) k d(d(ua) — du ■ a) = (—l) k+1 d(du ■ a). 

□ 
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Let us return back to Proposition 1.10 on page 13 and consider the A- 
bilinear pairing 

<V>: D k (P)® A A k ^P 

again. Take a form oo G A k and a derivation X G Di(A). Using the definition 
of the wedge product in D*(P) (see equality (1.4) on page 10), we can set 

(A ,i x u) = (-1) m (IAA, W ) (1.8) 

for an arbitrary A € Dj,_i(P). 

Definition 1.5. The operation i x ■ A k —> A^'” 1 defined by (1.8) is called 
the internal product, or contraction. 

Proposition 1.13. For any X, Y G D^A) and u G A k , 9 £ A 1 one has 

(1) i A '(cu A 9) = i x (u) A 9 + (-l) fc cn A i A -(6»), 

(2) ix o iy = -iy o i x 

In other words, internal product is a derivation of the Z-graded algebra 
A* = 0/. >o A fc of degree —1 and i A ,iy commute as graded maps. 

Consider a derivation X G Di(A) and set 

LxM = [i A ,d]M = i-x(d(u>)) + d(i x (cv)), cv G A*. (1.9) 

Definition 1.6. The operation L x : A* —> A* defined by 1.9 is called the 
Lie derivative. 

Directly from the definition one obtains the following properties of Lie 
derivatives: 

Proposition 1.14. Let X,Y G D^A), u, 9 G A*, a G A, a, j3 G k. Then 
the following identities are valid: 

(1) L aX+ pY = olL x + (3L y, 

(2) L aA = aL x + da A i x , 

(3) L x (u A 9) = L x (u>) A 9 + to A L A (d), 

(4) [d, L A ] = do L a — Lx ° d = 0, 

(5) L[x,yj = [Lx, Ly], where [X, Y] — X oY — Y o X, 

(6) i[x,y] = [Lx,iy] = [ix,Ly]. 

To conclude this subsection, we present another description of the Diff- 
Spencer complex. Recall Remark 1.3 on page 9 and introduce the “dot¬ 
ted” structure into the modules D fe (Diff^"(P)) and note that Diff^(P)’ = 
Diff,(P). Define the isomorphism 

C: (D fc (Diff + ))’(P) = Homx(A fc ,Diff + )- = Diff + (A fc ,P)'= Diff(A fc ,P). 
Then we have 
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Proposition 1.15. The above defined map ( generates the isomorphism of 
complexes 

••• <- (D fc _ 1 (Diff + ))'(P) <-?— (D fc (Diff + ))'(P) <- ••• 

C C 

••• ^- Diff(A fe_1 , P) Diff(A fc , P) <- ••• 

where S' is the operator induced on “dotted” modules by the Diff -Spencer 
operator, while v(V) = V o d. 

1.6. Left and right differential modules. From now on till the end of 

this section we shall assume the modules under consideration to be projec¬ 
tive. 


Definition 1.7. An A-module P is called a left differential module , if there 
exists an A-module homomorphism A: P —> J°°(P) satisfying ^oo,o°-^ = idp 
and such that the diagram 


P 

A 

J°°(P) 


J°°(P) 

J°°( A) 

1 7°°( 1 7 00 (P)) 


is commutative. 


Lemma 1.16. Let P be a left differential module. Then for any differential 
operator A: Qi —> Q 2 there exists an operator A P : Q\ (S>a P —>> Q 2 ®a P 
satisfying (id Q ) P = id q ® aP for Q = Q 1 = Q 2 and 

(A 2 o Ai)p = (A 2 )p o (Ai)p 

for any operators A x : Qi —> Q 2 , A 2 : Q 2 —> Q : $. 

Proof. Consider the map 

A : Qi ®a (A <g) k P) —> Q-2 <8>a P, q® a®p i-> A(ag) ® p. 

Since 

A(g (8) 8 a (e)(p)) = 5 a A(q <g> 1 ®p), p e P, g G Qi, a. e A, 
the map 

MA):Q! JT°(P)^Q 2 ®aP 

is well defined. Set now the operator Ap to be the composition 

Ql ®A P ^ Ql ®A J°°(P) Ql ®A P, 
which is a /c-th order differential operator in an obvious way. Evidently, 

(idg)p = id q® a p- 
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Now, 

(A 2 o Ai)p = £p(A 2 o Ai) o (id 8 A) 

= £p(A 2 ) ° ^oo ( p)(A 1 ) o (id 8 ) c 00 ’ 00 ) o (id 8 A) 

= £p(A 2 ) o ^ i7 oo( P) (Ai) o (id 8 J°°( A)) o (id o A) 

= ^p(A 2 ) o (id 8 A) o ^p(Ai) o (id 8 A) = (A 2 ) P o (A^p, 
which proves the second statement. □ 


Note that the lemma proved shows in particular that any left differen¬ 
tial module is a left module over the algebra Diff(AL) which justifies our 
terminology. 

Due to the above result, any complex of differential operators • • • —> 
Qi Qi+i —>■••• and a left differential module P generate the complex 
• • • — > Qi 8 a P Qi+i 8 a P • “with coefficients” in P. In particular, 

since the co-gluing c 00 ’ 00 is in an obvious way co-associative, i.e., the diagram 


J°°(P) 
°(P) 


=(p) 


J°°(J°°(P)) 

JO o( c oo,oo(p)) 


.,00,00 / 'TOO ( p\\ 

JOO(JOO(p)) - J°°{J°°(J°°(P))) 


is commutative, J°°(P) is a left differential module with A = Conse¬ 

quently, we can consider the de Rham complex with coefficients in J°°{P ): 


0 _ J°°(P) -*• A 1 8 a J°°(P) -> ■ ■ ■ 

-* A* 8 a J°°(P) -> A i+1 8 a i7°°(P) -> ■ ■ ■ 

which is the inverse limit for the Jet-Spencer complexes of P 

0 -*PA J k (P) 4 A 1 8 a J k ~\P) • 

• • • 4 A 4 8 a J k ~\P ) A * +1 8 a 

where S(cn 8 jk-iip )) = du 8 

Let A: P —> Q be a differential operator and ^: J°°(P ) —> J°°(Q ) 
be the corresponding homomorphism. The kernel Ea = ker-0^ inherits 
the left differential module structure of J°°(P) and we can consider the de 
Rham complex with coefficients in Ea- 

0 -» E a -> A 1 8 a ->-» A i 8 a -> A ,:+1 8a #a -> • ■ ■ (1.10) 

which is called the Jet -Spencer complex of the operator A. 

Now we shall introduce the concept dual to that of left differential mod¬ 
ules. 
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Definition 1.8. An A-modulc P is called a right differential module , if 
there exists an A-module homomorphism p: Diff + (P) —> P that satisfies 


the equality p 


DiffjftP) 


idp and makes the diagram 


commutative. 


Diff + (Diff+(P)) Diff+(P) 


Diff+(p)| 

Diff+(P) 


r 

P 


Lemma 1.17. Let P be a right differential module. Then for any differen¬ 
tial operator A: Qi —► Q- 2 of order < k there exists an operator 

A p : Hom A (Q 2 ,P) -> Hom A (Qi,P) 

of order < k satisfying idg = idHom A (Q,p) f or Q = Qi = Q 2 and 

(A 2 o Ax) 7 ' = Af o Af 

for any operators A x : Qi —> Q 2 , A 2 : Q 2 —> Qi- 

Proof. Let us define the action of A p by setting A p (/) — p o iff oA , where 
/ G Hom J 4 (Q 2 , P). Obviously, this is a k -th order differential operator and 
idg = id Ho m A (Q,p)- Now, 

(A 2 o A,) p = p o oA2oAl = p o CoOi0O o Diff + ('0 /oA2 ) o f Al 

= po Diff + (p o 'ffo A J o fj Al = p o Diff + (A P (/)) o ij) Al 

— Af (Af (/)). 

Hence, (-) p preserves composition. □ 

From the lemma proved it follows that any right differential module is a 
right module over the algebra Diff(A). 

Let • • • —>• Qi -^4 Qi+i —> • ■ • be a complex of differential operators and 
P be a right differential module. Then, by Lemma 1.17, we can construct 

the dual complex ■■■ *— Hom^Q^P) Hom^Qj+i, P) <— ••• with 

coefficients in P. Note that the Diff-Spencer complex is a particular case of 
this construction. In fact, due to properties of the homomorphism ^ the 
module Diff + (P) is a right differential module with p = c Q C)00 . Applying 
Lemma 1.17 to the de Rham complex, we obtain the Diff-Spencer complex. 

Note also that if A: P —> Q is a differential operator, then the cokerncl 
C A of the homomorphism f A : Diff + (P) —> Diff + (Q) inherits the right 
differential module structure of Diff + (Q). Thus we can consider the complex 

0 <- coker A C A <- D^Ca) <-<- D,(C A ) <- D^Ca) <- 
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dual to the de Rham complex with coefficients in Ca■ It is called the Diff- 
Spencer complex of the operator A. 

1.7. The Spencer cohomology. Consider an important class of commu¬ 
tative algebras. 

Definition 1.9. An algebra A is called smooth, if the module A 1 is projec¬ 
tive and of finite type. 

In this section we shall work over a smooth algebra A. 

Take two Diff-Spencer complexes, of orders k and k — 1, and consider 
their embedding 

o <- P <■- Diff+(J>)) <■- D 1 (Diff+_ 1 (P)) -- 

0 <- P <■- Difft.li 3 )) -- Di(Diff+_ 2 (P)) -- 

Then, if the algebra A is smooth, the direct sum of the corresponding quo¬ 
tient complexes is of the form 

0 <- Smbl (A,P) 4 D 1 (Smbl(A, P)) 4 D 2 (Smbl(A, P)) <- 

By standard reasoning, exactness of this complex implies that of Diff- 
complexes. 

Exercise 1.5. Prove that the operators <5 are A-homomorphisms. 

Let us describe the structure of the modules Smbl(A, P). For the time 
being, use the notation D = DRA). Consider the homomorphism a k : P<S>a 
S k (D ) —» Smbl fc (A,P) defined by 

a k (p ® Vi.Vfe) = smblfc(A), A (a) = (Vi o • • • o V k )(a)p, 

where a e A, p e P, and smbR.: DifR(A,P) —> SmbR(A, P) is the natural 
projection. 

Lemma 1.18. If A is a smooth algebra, the homomorphism a k is an iso¬ 
morphism. 

Proof. Consider a differential operator A: A — > P of order < k. Then the 
map sa ■ A 0fe —> P dehned by sa(«i, • • •, a k ) = <5 ai) .(A) is a symmetric 
multiderivation and thus the correspondence A i—> sa generates a homo¬ 
morphism 

Smbl fe (A, P) -> Hom A (P fc (A 1 ), P) = S k (D ) P, (1.11) 

which, as it can be checked by direct computation, is inverse to a k . Note 
that the second equality in (1.11) is valid because A is a smooth algebra. □ 
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Exercise 1.6. Prove that the module Smblfc(P, Q ) is isomorphic to the mod¬ 
ule S k (D ) Horrid (P, Q). 

Exercise 1.7. Dualize Lemma 1.18 on the preceding page. Namely, prove 
that the kernel of the natural projection Vk,k- 1 : J k (P) —> J fc_1 (P) is iso¬ 
morphic to S k (A 1 )® A P, with the isomorphism a k : S k {A l )® A P —> ker Vk,k -1 
given by 

a k {da x ■ ... • da k ®p) = S ai ,..., ak (jk)(p), p e P. 

Thus we obtain: 

Dj(Smblfc(P)) = Hom A (A i , P S k (D)) = P ® A S k {D ) A \D). 

But from the definition of the Spencer operator it easily follows that the 
action of the operator 

5-. P® A S k (D) ® A A\D) - P® A S k+l (D) ® A A l ~\D) 
is expressed by 

5(p ® a ® Vi A • • • A Vj) 

i 

= ^(-1 ) l+1 p ® (X • V( ® Vi A ■ • ■ A V; A • • • A Vj 

i=i 

where p E P, a G S k (D ), V; G D and the “hat” means that the corre¬ 
sponding term is omitted. Thus we see that the operator <5 coincides with 
the Koszul differential (see the Appendix) which implies exactness of Diff- 
Spencer complexes. 

The Jet-Spencer complexes are dual to them and consequently, in the 
situation under consideration, are exact as well. This can also be proved 
independently by considering two Jet-Spencer complexes of orders k and 
k — 1 and their projection 

0 ->P-> J k (P)) -> A 1 ® A J k ~\P) -> ... 

0 -+ P -* J k ~\P)) -* A 1 ® A J k ~ 2 (P) -» ••• 

Then the corresponding kernel complexes are of the form 

0 — ^(A 1 ) <g) A P 4 A 1 S k ~ 1 (A 1 ) ® A P 

4 A 2 S k ~\ A 1 ) ® A P —> • • • 

and are called the 5-Spencer complexes of P. These are complexes of A- 
homomorphisms. The operator 

5: A s (g)^ ^(A 1 ) ® A P^ A s+1 ® A S k ~ s -\ A 1 ) P 
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is defined by 8{u ® u ® p) = (—l) s cc; A i(u) 8 p, where i: —> 

A 1 8) ( 5' fc -s- 1 (A 1 ) is the natural inclusion. Dropping the multiplier P we get 
the de Rham complexes with polynomial coefficients. This proves that the 
5-Spencer complexes and, therefore, the Jet-Spencer complexes are exact. 
Thus we have the following 

Theorem 1.19. If A is a smooth algebra, then all Diff -Spencer complexes 
and Jet-Spencer complexes are exact. 

Now, let us consider an operator A: P —» Pi of order < k. Our aim is 
to compute the Jet-Spencer cohomology of A, i.e., the cohomology of the 
complex (1.10) on page 17. 

Definition 1.10. A complex of C-differential operators ••• —> P%-\ —h 
Pi —^ P ^|_i —> • • • is called formally exact, if the complex 

fci+fci+i+i _ ^A +1+i 

- > j ki+ki+1+ l( Pi _j __i -> j\P i+l ) • • • , 

with ord Aj < kj , is exact for any l. 

Theorem 1.20. Jet-Spencer cohomology of A coincides with the cohomol¬ 
ogy of any formally exact complex of the form 

0 _ p A Pl _ P 2 p 3 -> • • • 

Proof. Consider the following commutative diagram 


0 —> A 2 ®J°°(P) 

d 

0 —♦ A 1 8 J°°(P) 

d 

0 -> J°°(P) 


A 2 8 J°°(Pi) 

d 

A 1 8 J°°(Pi) 

d 

J°°{Pl) 


* A 2 8 J co {P 2 ) 

d 

■> A 1 8 J°°(P 2 ) 

d 

- J°°(P 2 ) 


0 0 0 
where the i-th column is the de Rham complex with coefficients in the 
left differential module J°°{Pi). The horizontal maps are induced by the 
operators A*. All the sequences are exact except for the terms in the left 
column and the bottom row. Now the standard spectral sequence arguments 
(see the Appendix) completes the proof. □ 
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Our aim now is to prove that in a sense all compatibility complexes are 
formally exact. To this end, let us discuss the notion of involutiveness of a 
differential operator. 

The map iff*". J k+ \P) —> J l fP\) gives rise to the map 
smbl M (A): ^(A 1 ) ® P -> ^(A 1 ) ® P 1 
called the l-th prolongation of the symbol of A. 

Exercise 1.8. Check that 0-th prolongation map smbfi-.o : Diff*.(P, Pi) —> 
Hom(S' fc (A 1 ) ® P, Pi) coincides with the natural projection of differential 
operators to their symbols, smbh,: Diffjt(P, Pi) —> Smblfc(P, Pi). 

Consider the symbolic module g k+l = kersmbfi^A) C S k+l ( A 1 ) ® P of 
the operator A. It is easily shown that the subcomplex of the 5-Spencer 
complex 


Q gk+l A, A 1 ® g k+l ~ x -4 A 2 ®> g k + l ~ 2 -4 ■ • • (1.12) 

is well defined. The cohomology of this complex in the term A* ® gk+i-i j s 
denoted by H k+l,l ( A) and is said to be 5-Spencer cohomology of the operator 

A. 

Exercise 1.9. Prove that fP :+i,0 (A) = H k+l,1 ( A) = 0. 

The operator A is called involutive (in the sense of Cartan), if H k+l,t ( A) = 
0 for all i > 0. 

Definition 1.11. An operator A is called formally integrable, if for all l 
modules E ' l A = ker if l A C J k+ \P) and g k+l are projective and the natural 
mappings E l A —> E 1 ^ 1 are surjections. 

Till the end of this section we shall assume all the operators under con¬ 
sideration to be formally integrable. 

Theorem 1.21. If the operator A is involutive, then the compatibility com¬ 
plex of A is formally exact for all positive integers k\, k 2 , ks, ... . 

Proof. Suppose that the compatibility complex of A 

P A p 1 4c p 2 4a ... 
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is formally exact in terms P±, P 2 , ... , Pi- 1 . The commutative diagram 


0 -> g 


K 


0 -» E 


K-k 


0 -> E 


K—k—1 


J K {P) 


J K ~\P) 


> S K ®P -> S K ~ k ®P l -> 


J K ~ k (pl) —> 


J K ~ k ~\pl) —> 


■> S ki <S> Pi -> Pi +1 -> 0 

* . J k, (Pi ) -+ Pi+1 -* 0 

, -> 0 


0 

where S'- 7 = S'- 7 (A 1 ), K — k + k\ + k 2 + ■ —b k i: shows that the complex 
0 -► g K S K ®P -> S K ~ k <g> Pi ->-> S ki ®P t 


is exact. 

What we must to prove is that the sequences 

S ki- 1+ k i+ i 0 Pj _ i S k i+ i 0 p. ^ ^ 0 p . +i 

are exact for all l > 1. The proof is by induction on /, with the induc¬ 
tive step involving the standard spectral sequence arguments applied to the 
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commutative diagram 

0 — * S l 0 P t+ i A 1 0 S 1 - 1 0 P m A 2 0 P '- 2 0 P i+1 

0 —> S ki+l ®Pi -U A l ®S ki+l - l ®Pi A 2 0 s ki+l ~ 2 ® Pi 

0 —+ P A '+* 0 P 0 A 1 0 S K+l ~ 1 0 P 0 A 2 0 S K+l ~ 2 0 P 0 

0 —» g K+l A 1 <S> g K+l ~ 1 A 2 ® g K+l ~ 2 

0 0 0 

Example 1.1. For the de Rham differential d: A —> A 1 the symbolic mod¬ 
ules g l are trivial. Hence, the de Rham differential is involutive and, there¬ 
fore, the de Rham complex is formally exact. 

Example 1.2. Consider the geometric situation and suppose that the man¬ 
ifold M is a (pseudo-)Riemannian manifold. For an integer p consider the 
operator A = d*d: A p —> A n ~ p , where * is the Hodge star operator on the 
modules of differential forms. Let us show that the complex 

A A n ~ p d) A n ~ p+1 d) A n ~ p ~^~ 2 L j^ n ^ q 

is formally exact and, thus, is the compatibility complex for the oper¬ 
ator A. In view of the previous example we must prove that the im¬ 
age of the map smbl(A): S l+2 ® A p —> S 1 0 A n ~ p coincides with the 
image of the map smbl(d): S l+1 ® A n_p_1 —> S l 0 A n ~ p for all l > 0. 
Since A* = d*d* = d{*d* + d), it is sufficient to show that the map 
smbl(*d* + d): S l+1 0 (A n “ p+1 ® A n_p_1 ) —> S l 0 A n ~ p is an epimorphism. 
Consider smbl(L): S l 0 A n ~ p —> S l ® A n ~ p , where L = (*d* + d)(*d* ± d) is 
the Laplace operator. From coordinate considerations it easily follows that 
the symbol of the Laplace operator is epimorphic, and so the symbol of the 
operator *d* + d is also epimorphic. 

The condition of involutiveness is not necessary for the formal exactness 
of the compatibility complex due to the following 
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Theorem 1.22 (5-Poincare lemma). If the algebra A is Noetherian, then 
for any operator A there exists an integer Iq = lo(m,n,k), where m = 
rankP, such that H k+l ’ t ( A) = 0 for l > l 0 and i > 0. 

Proof can be found, e.g., in [32, 10]. Thus, from the proof of Theorem 1.21 
on page 22 we see that for sufficiently large integer k\ the compatibility 
complex is formally exact for any operator A. 

We shall always assume that compatibility complexes are formally exact. 

1.8. Geometrical modules. There are several directions to generalize or 
specialize the above described theory. Probably, the most important one, 
giving rise to various interesting specializations, is associated with the fol¬ 
lowing concept. 

Definition 1.12. An abelian subcategory A4(A) of the category of all A- 
modules is said to be differentially closed , if 

(1) it is closed under tensor product over A, 

(2) it is closed under the action of the functors Diffjp(>, •) and Dj(-), 

(3) the functors Diffjp(P, •), Diffj, +) (-, Q) and Dj(-) are representable in 
M(A), whenever P, Q are objects of A4(A). 

As an example consider the following situation. Let M be a smooth 
(i.e., C^-class) finite-dimensional manifold and set A = Let n : 

E —> M, f : F —> M be two smooth locally trivial finite-dimensional vector 
bundles over M and P = r(7r),Q = T(£) be the corresponding A-modnles 
of smooth sections. 

One can prove that the module Diffj, + ^(P, Q) coincides with the module 
of fc-th order differential operators acting from the bundle n to f (see Propo¬ 
sition 1.1 on page 6). Further, the module D(A) coincides with the module 
of vector fields on the manifold M. 

However if one constructs representative objects for the functors such as 
Difffc(P, •) and D*(-) in the category of all A-modules, the modules J k {P) 
and A* will not coincide with “geometrical” jets and differential forms. 

Exercise 1.10. Show that in the case M = M the form d( sin a;) — cos xdx is 
nonzero. 

Definition 1.13. A module P over C°°(M ) is called geometrical, if 

Pi p x p= o, 

x€M 

where fi x is the ideal in consisting of functions vanishing at point 

x e M. 
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Denote by Q{M) the full subcategory of the category of all modules whose 
objects are geometrical C°°(M) -modules. Let P be an A-module and set 

s(p) = p/f] ii x p. 

x£M 

Evidently, Q(P ) is a geometrical module while the correspondence P =>- 
G(P) is a functor from the category of all C°°(M) -modules to the category 
G(M) of geometrical modules. 

Proposition 1.23. Let M be a smooth finite-dimensional manifold and 
A = C°°(M). Then 

(1) The category Q(A) of geometrical A-modules is differentially closed. 

(2) The representative objects for the functors Diff’ fc (P, •) and Dj(-) in 
G(A) coincide with G(J k (P)) and G( A*) respectively. 

(3) The module G( A*) coincides with the module of differential i-forms on 
M. 

(4) If P = r(7r) for a smooth locally trivial finite-dimensional vector bun¬ 
dle it : E —> M, then the module G(J k (P)) coincides with the module 
r(7T fc ), where 7r fc : J k {it ) —» M is the bundle of k-jets for the bundle n 
( see Section 3.1). 

Exercise 1.11. Prove (1), (2), and (3) above. 

The situation described in this Proposition will be referred to as the 
geometrical one. 

Another example of a differentially closed category is the category of fil¬ 
tered geometrical modules over a filtered algebra. This category is essential 
to construct differential calculus over manifolds of infinite jets and infinitely 
prolonged differential equations (see Sections 3.3 and 3.8 respectively). 

Remark 1.5. The logical structure of the above described theory is obvi¬ 
ously generalized to the supercommutative case. For a noncommutative 
generalization see [54, 55]. 
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2. Algebraic model for Lagrangian formalism 

Using the above introduced algebraic concepts, we shall construct now 
an algebraic model for Lagrangian formalism; see also [53]. For geometric 
motivations, we refer the reader to Section 7 and to Subsection 7.5 especially. 

2.1. Adjoint operators. Consider an A-module P and the complex of 
A-homomorphisms 

0 -»• Diff + (P, A) A Diff + (P, A 1 ) -A Diff + (P, A 2 ) • • • , (2.1) 

where, by definition, w(V) = d o V G Diff + (P, A* +1 ) for the operator V G 
Diff + (P, A*). Let P n , n > 0, be the cohomology module of this complex at 
the term Diff + (P, A”). 

Any operator A: P —» Q determines the natural cochain map 

••• -> Diff + (g,A i " 1 ) Diff + (g,A i ) -> ••• 

A A 

••• -» Diff + (P, A*” 1 ) Diff + (P, A®) -> ••• 

where A(V) = V o A G Diff + (P, A*) for V G Diff + (g, A ,: ). 

Definition 2.1. The cohomology map A*: Q n —> P n induced by A is called 
the (n-th) adjoint operator for A. 

Below we assume n to be hxed and omit the corresponding subscript. 
The main properties of the adjoint operator are described by 

Proposition 2.1. Let P, Q and R be A-modules. Then 

(1) If A G Difffe (P,Q), then A* G Diff fc (Q,P). 

(2) If Ai G Diff(P,g) and A 2 G Diff(g,P), then (A 2 o A x )* = A]oA). 

Proof. Let [V] denote the cohomology class of V G Diff + (P, A”), where 
w(V) = 0. 

(1) Let a G A. Then 

<$ a (A*)([V]) = A*([V]) - A*(a[V]) = [V o a o A] - [V o A o a] 

= (a o Arm) - (a ° anm = -s a m)(M)- 

Consequently, S ao ,..., ak (A*) = (-l) fc+1 (<5 a0v .. iafc (A))* for any o 0 ,.. -,a k G A. 

(2) The second statement is implied by the following identities: 

(A 2 o A0*([V]) = [V o A 2 o A,] = Al([V ° A 2 ]) = Aj(A;([V])), 

which concludes the proof. □ 

Example 2.1. Let a G A and a = ap \ P —> P be the operator of multipli¬ 
cation by a: p i—> ap. Then obviously a* P = ap. 
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Example 2.2. Let p G P and p: A —» P be the operator acting by a i—> op. 
Then, by Proposition 2.1 (1) on the preceding page, p* G Horrid (P, A). Thus 
there exists a natural paring (•, •): P (gU P —> A defined by (p, p) = p*(p), 
p G P. 

2.2. Berezinian and integration. Consider a complex of differential op¬ 
erators •••—>• Pfc —^ Pfc+i —*■•••• Then, by Proposition 2.1 on the page 

A* - 

before, • • • «— Pk <-Pfc+i <— • • • is a complex of differential operators as 

well. This complex called adjoint to the initial one. 

Definition 2.2. The complex adjoint to the de Rham complex of the alge¬ 
bra A is called the complex of integral forms and is denoted by 



where E, = A l ,8 — d*. The module E 0 = A is called the Berezinian (or the 
modide of the volume forms ) and is denoted by B. 

Assume that the modules under consideration are projective and of finite 
type. Then we have P = Horn a(P,B). In particular, E* = A* = D i(B). 

Let us calculate the Berezinian in the geometrical situation (see Subsec¬ 
tion 1.8), when A = C°°(M). 

Theorem 2.2. If A = M being a smooth finite-dimensional man¬ 

ifold, then 

(1) A s = 0 for s 7 ^ n = dim M. 

( 2 ) A n — B — A”, i.e., the Berezinian coincides with the module of forms 
of maximal degree. This isomorphism takes each form u E A n to the 
cohomology class of the zero-order operator u: A —> A”, / feu. 

The proof is similar to that of Theorem 1.19 on page 21 and is left to the 
reader. 

In the geometrical situation there exists a natural isomorphism A* —► 
D n _j(A n ) = Ej which takes uu G A* to the homomorphism lu: A n ~ t —> A" 
defined by ou{rj) = rj Aw, i) G A n ~ l . 

Exercise 2.1. Show that (uu\,uuf) = ou\ Au> 2 , oui G A*, cn 2 G A n ~ l . 

Exercise 2.2. Prove that d* = (—l)* + 1 d n _j_i, where dp. A* —> A * +1 is the 
de Rham differential. 

Thus, in the geometrical situation the complex of integral forms coincides 
(up to a sign) with the de Rham complex. 

Exercise 2.3. Prove the coordinate formula for the adjoint operator: 

QW\ qW\ 

( 1 ) if A = V a a —— is a scalar operator, then A* = V (—1)^1 ——o a a ; 

oXrr axe 
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(2) if A = || Ay || is a matrix operator, then A* = ||A* i ||. 

The operator T>: Diff + (A fc ) —> A k defined on page 8 generates the map 
J': B —> H*( A*) from the Berezinian to the de Rham cohomology group of 
A. Namely, for any operator V G Diff(A, A n ) satisfying do V = 0 we set 
J[V] = [V(1)], where [•] denotes the cohomology class. 

Proposition 2.3. The map j: B —> H*( A*) possesses the following prop¬ 
erties: 

(1) If uj G Ei, then f Sea — 0. 

(2) For any differential operator A: P —> Q and elements p G P, q G Q 
the identity 

J (A(p),g) = J (p,A*{q)) 

holds. 

Proof. (1) Let u = [V] G E]. Then Sea = [V o d] and consequently Ju = 
[Vd(l)]=0. 

(2) Let q = [V] for some operator V: Q —> A n . Then 
J (A(p), q) = j |VA(p)] = j V O A O p 

= J(p, [V O A]) = f(p,A*(q)), 

which completes the proof. □ 

Remark 2.1. Note that the Berezinian B is a differential right module (see 
Subsection 1.6) and the complex of integral forms may be understood as 
the complex dual to the de Rham complex with coefficients in B. 

Exercise 2.4. Show that in the geometrical situation the right action of 
vector fields can also be defined via X(u) = —L x(u), where Lx is the Lie 
derivative. 

Now we establish a relationship between the de Rham cohomology and 
the homology of the complex of integral forms. 

Proposition 2.4 (algebraic Poincare duality). There exists a spectral se¬ 
quence (Ep , dp q ) with 

El, = //„((£.)-,), 

the homology of complexes of integral forms, and converging to the de Rham 
cohomology H( A*). 



30 


Proof. Consider the commutative diagram 

0 0 0 






0 — 

-> Diff + (A, A) 

d 

Diff + (A,A 1 ) 

d 

Diff + (A, A 2 ) 

d 

0 — 

-> Diff + (A 1 , A) 

d 

Diff+(A 1 ,A 1 ) 

d 

-A Diff + (A 1 , A 2 ) 

d 

0 — 

-> Diff + (A 2 , A) 

d 

Diff + (A 2 , A 1 ) 

d 

-A Diff + (A 2 ,A 2 ) 

d 


■> 


-» 


where the differential d : Diff + (A fc+1 , P) —> Diff + (A fc ,P) is defined by 
d( A) = A o d. The statement follows easily from the standard spectral 
sequence arguments. □ 


2.3. Green’s formula. Let Q be an A-module. Then a natural homomor¬ 
phism £q: Q —> Q defined by £q( < ?)( < ?) = (q,q) exists. Consequently, to any 
operator A: P —> Q there corresponds the operator A°: Q — > P, where 
A 0 = A* o £q. This operator will also be called adjoint to A. 

Remark 2.2. In the geometrical situation the two notions of adjointness 
coincide. 

Example 2.3. Let q G Q and q: A —> Q be the zero-order operator defined 
by a i—> aq. The adjoint operator is q itself understood as an element of 

Hom A (<2, B). 

Proposition 2.5. The correspondence A h A° possesses the following 
properties: 

(1) Let A G Diff(P, Q) and A (p) = [V p ], where V p G Diff(Q, A*). Then 

A °(q) = [Dq], where G Diff(P, A*) and O q (p) = V p (q). 

(2) For any A G Diff (P,Q), one has (A°)° = A. 

(3) For any a G A, one has (oA)° = A° o a. 

(4) If A G Diff k(P,B), then A° = jl o (oA). 

(5) If X G then X + X° = 5X G Diff 0 (A, B) = B. 

Proof. Statements (1), (3), and (4) are the direct consequences of the defi¬ 
nition. Statement ( 2 ) is implied by (1). Let us prove (5). 
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Evidently, 5 a (j i) = j\ (a) — aj i(l) G J l (A). Hence for an operator A G 
Diffi(H,P) one has (5 a (ji))*(A) = A(a)— aA(l) = (<5 a A)(l). Consequently, 

Sa(X + X°)(l) = (5 a X)( 1) + (S a (jl))(X) = (8 a X)( 1) - 8 a UiY(X) = 0 

and finally SX = j{{X) = X°(l) = X + X°. □ 

Note that Statements (1) and (4) of Proposition 2.5 on the facing page 
can be taken for the definition of A°. 

Note now that from Proposition 1.15 on page 16 it follows that the mod¬ 
ules Dj(P), i > 2, can be described as 

Di(P) = { V G Diffi(A* _1 , P) | V o d = 0 }. 

Taking B for P, one can easily show that hV = V°(l) and the last equality 
holds for i — 1 as well. Proposition 2.5 on the facing page shows that the 
correspondence A i —> A° establishes an isomorphism between the modules 
Diff(P, Q) and Diff + (Q,P) which, taking into account Proposition 1.15 on 
page 16, means that the Diff-Spencer complex of the module P is isomorphic 
to the complex 

0 <- P A Diff(P, B) A Diff(P, Sj) A Diff(P, S 2 ) <-, (2.2) 

where cn(V) — 8 o V, /i(V) = V°(l). From Theorem 1.19 on page 21 one 
immediately obtains 

Theorem 2.6. Complex (2.2) is exact. 

Remark 2.3. Let A: P —> Q be a differential operator. Then obviously the 
following commutative diagram takes place: 

0 <- Q — Diff(Q,B) Diff(Q,S 1 ) ... 

A* 

0 <- P Diff (P,B) Diff(P,S 1 ) ••• 

As a corollary of Theorem 2.6 we obtain 
Theorem 2.7 (Green’s formula). If A G Diff (P,Q),p G P,q G Q, then 

(q,A{p))-(A°(q),p) = 6G 
for some integral 1-form G G 

Proof. Consider an operator V G Diff (A,B). Then V — V°(l) lies in ker^u 
and consequently there exists an operator □ G Diff(A, Ei) satisfying V — 
V°(l) = £j(D) = 5 o □. Hence, V(l) - V°(l) = SG, where G = D(l). 
Setting V(a) = (q,A(ap)) we obtain the result. □ 
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Remark 2.4. The integral 1-form G is dependent on p and q. Let us show 
that we can choose G in such a way that the map p x q i—*• G(p, q) is a bidif¬ 
ferential operator. Note first that the map cu: Diff + (A, Ei) —> Diff + (A, B) 
is an ^4-homomorphism. Since the module D\H + (A,B) is projective, there 
exists an ^4-homomorphism x: imw —> Diff + (A, Ex) such that u o x = id. 
We can put □ = x(V — V(l)). Thus G = x(V — V(l))(l). This proves the 
required statement. 

Remark 2.5. From algebraic point of view, we see that in the geometrical 
situations there is the multitude of misleading isomorphisms, e.q., B = A n , 
A 0 = A*, etc. In generalized settings, for example, in supercommutative 
situation (see Subsection 7.9 on page 132), these isomorphisms disappear. 

2.4. The Euler operator. Let P and Q be A-modules. Introduce the 
notation 

Diff (fc) (P, Q) = Diff(P,..., Diff(P, Q)...) 

"-v-' 

k times 

and set Diff(*)(P, Q) = 0^ o Diff^)(P, Q). A differential operator V € 
Diff( fe )(P, Q) satisfying the condition 

V(pi, • • -,Pi,Pi+ 1, ...,p k )= o-V(pi, • • .,Pi+i,Pi, • • -,Pk) 

is called symmetric , if cr = 1, and skew-symmetric, if a — —1 for all i. 
The modules of symmetric and skew-symmetric operators will be denoted 
by Diff^“(P, Q) and Diff^(P, Q), respectively. From Theorem 2.6 on the 
preceding page and Corollary 1.3 on page 7 it follows that for any k the 
complex 

0 <- Diff (fc) (P, B) AL Diff (fc) (P, SO AL Diff (fc) (P, S 2 ) A • • • , (2.3) 

where cu(V) = 5 o V, is exact in all positive degrees, while its 0-homology is 
of the form E.)) = Diff^.^P, P). This result can be refined 

in the following way. 

Theorem 2.8. The symmetric 

0 <- Diff ^(P, B) A Diff^“(P, SO AL Diff^“(P, E 2 ) AL ... ( 2 . 4 ) 

and skew-symmetric 

0 <- Diff$(P, B) A Diff$(P, Ei) A Diff$(P, E 2 ) A • • • (2.5) 

are acyclic complexes in all positive degrees, while the 0-homologies denoted 
by Lp m ( P) and Lf l (P) respectively are of the form 

LT = { V 6 Diff‘»",(a P ) I (V(pi,.. .,p„. 2»° = V( Pl ,... ,p t . 2 ) }, 

Lf = { V e DiffJ.yP, P) | (V(pu... = -V(p h ... } 
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for k > 1 and 

L s ym (p) = palt^p) = p 

Proof. We shall consider the case of symmetric operators only, since the 
case of skew-symmetric ones is proved in the same way exactly. 

Obviously, the complex (2.4) is a direct summand in (2.3) on the facing 
page and due to this fact the only thing we need to prove is that the diagram 

Diff ( fe- 1) (P, P) Diff ( fc)(P, B) 



Diff ( fe- 1) (P, P) Diff {k) (P,B) 

is commutative. Here 


h(fc-i)(V)(pi,... ,p fc _i) = (V(pi, • • ■ ,Pfc-i))°(l), 
p(V)(pi, • • • ,Pk-i,Pk) = V(pi,.. .,Pk,Pk-1 ), 
p'(V)(pi,. . .,Pk- 2 ) = (V(pi,. • .,Pk-2))°- 

Note that jU(k-i) = Diff ( k -i)(p), where p is dehned in (2.2) on page 31. 
To prove commutativity, it suffices to consider the case k = 2. Let V G 
Diff (2 )(P,B) and V(pi,p 2 ) = [A pi)Pa ]. Then //(ij(V)(pi) = [A^J, where 
A pi (p 2 ) = A pijP2 (l). Further, p'(p { ij(V)) = [A"J, where 

A P1 (p 2 ) = Ap 2 (pi) = A P2)P1 (1). 

On the other hand, one has p(V)(pi,p 2 ) = V(p 2 ,pi) and p^(p(V))(pi) = 
[□pi], where □p 1 (p 2 ) ~ Ap 2)P1 (l). □ 

Definition 2.3. The elements of the space Cag(P) = ©(A, Lff m (P) are 
called Lagrangians of the module P. An operator L e Diff^™(P, B) is 
called a density of a Lagrangian C, if £ = L mod imw. The natural corre¬ 
spondence E: Diff^ m (P, B) —> Diff^ m (P, P), L 1 —>• C is called the Euler op¬ 
erator, while operators of the form A = E(L) are said to be Euler-Lagrange 
operators. 

Theorem 2.8 on the facing page implies the following 

Corollary 2.9. For any projective A-modide P one has: 

(1) An operator A € Diff()j TI (P, P) is an Euler-Lagrange operator if and 
only if A is self-adjoint, i.e., if A e L s J m (P). 

(2) A density L e Diff()™(P, B) corresponds to a trivial Lagrangian, i.e., 
E(L) = 0, if and only if L is a total divergence, i.e., L e imcm 
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2.5. Conservation laws. Denote by P the commutative algebra of non¬ 
linear operators 5 Diff^™(P, A). Then for any P-module Q one has 

Diff J“(P, Q)=T® a Q- 

Let AeL ® A Q be a differential operator and let us set Pa = P/a, where 
a denotes the ideal in P generated by the operators of the form □ o A, 
□ e Diff(Q, A). 

Thus, fixing P, we obtain the functor Q =>■ R®aQ and fixing an operator 
A G Diff(*)(P, Q) we get the functor Q =>• Pa ®aQ acting from the category 
M.a to M.j: and to respectively, where M. denotes the category of all 

modules over the corresponding algebra. These functors in an obvious way 
generate natural transformations of the functors Diffj^(-), D*.(-), etc., and 
of their representative objects J k ( y P) ) A k , etc. For example, to any operator 
V: Qi —■> Q 2 there correspond operators P ® V: P ®a Qi — 1 > P <8>a Q 2 and 
Pa <S> V: Pa CSU Qi Pa Q r i- 

These natural transformations allow us to lift the theory of linear differ¬ 
ential operators from A to P and to restrict the lifted theory to Pa- They 
are in parallel to the theory of C-differential operators (see the next section). 
The natural embeddings 

Diff^”(P,P) Diff^ 1} (P,Diff(P,P)) 

generate the map £: R® A R P®ADiff(P, R), tp £ ip , which is called the 
universal linearization. Using this map, we can rewrite Corollary 2.9 (1) 
on page 33 in the form £& = £°a while the Euler operator is written as 
E(L) = £° l {X). Note also that £^ = (p£^ + 'ijj£ lfi for any <p, i\) e P ®a R- 

Definition 2.4. The group of conservation laws for the algebra Pa (or for 
the operator A) is the first homology group of the complex of integral forms 

0 *— Pa Pa *— Pa S 2 <— • • • (2.6) 

with coefficients in Pa- 


5 In geometrical situation, this algebra is identified with the algebra of polynomial 
functions on infinite jets (see the next section). 
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3. Jets and nonlinear differential equations. Symmetries 

We expose here main facts concerning geometrical approach to jets (finite 
and infinite) and to nonlinear differential operators. We shall confine our¬ 
selves with the case of vector bundles, though all constructions below can 
be carried out—with natural modifications—for an arbitrary locally trivial 
bundle n (and even in more general settings). For further reading, the books 
[32, 34] together with the paper [62] are recommended. 

3.1. Finite jets. Let M be an n-dirnensional smooth, i.e., of the class C°°, 
manifold and n: E —> M be a smooth m-dimensional vector bundle over 
M. Denote by r(7r) the C 0 °(M)-module of sections of the bundle n. For 
any point x G M we shall also consider the module Ti oc (7r; a;) of all local 
sections at x. 

For a section p G Fi oc (7r;a;) satisfying p{x) = 6 G E, consider its graph 
Y v cE and all sections p' G Ti oc (7r; x) such that 

(a) <p(x) = p'(x)\ 

(b) the graph Yp is tangent to Y v with order k at 6. 

Conditions (a) and (b) determine equivalence relation on Fi oc (7r;a;) and 
we denote the equivalence class of p by [p] k . The quotient set Fi oc (7t; x)/ 
becomes an M-vector space, if we put 

y\x + [$\x = b + A a[<P]x = Mxi VA e r loc (7r; x), a G M, 

while the natural projection Fi oc (7r;a;) —> Fi oc (7r;a;)/ becomes a linear 
map. We denote this quotient space by j£(7r). Obviously, J°(7r) coincides 
with E x = 7r _1 (a:). 

The tangency class [p\* is completely determined by the point x and 
partial derivatives at x of the section p up to order k. From here it follows 
that •/,(' (7r) is finite-dimensional with 

dim J k x {i r) = m^2 ^ 1 X ) = m (” . (3.1) 

Definition 3.1. The element [p] k G J k (n) is called the k-jet of the section 
p G r loc (7r;a;) at the point x. 

The fc-jet of p at x can be identified with the /c-th order Taylor expansion 
of the section p. From the definition it follows that it is independent of 
coordinate choice. 

Consider now the set 

Tw = U 4W 

ieM 


(3.2) 
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and introduce a smooth manifold structure on J k fi r) in the following way. 
Let {U a } a be an atlas in M such that the bundle n becomes trivial over 
each U a , i.e., TT~ l (U a ) ~ U a x F, where F is the “typical fiber”. Choose a 
basis e“,..., e" of local sections of tt over U a . Then any section of tt \ Ua 
is representable in the form <p = u l ef + • • • + ii m e" and the functions 
Xi,..,, x n , u 1 ,..., u m , where Xi,..., x n are local coordinates in U a , con¬ 
stitute a local coordinate system in Tr~ l (lA a )- Let us define the functions 
u i '■ LU u a J x( n ) -*■ R, where <7 = h ... i r , |cr| = r < k, by 





dxu ■ ■ ■ dx ir 


(3.3) 


Then these functions, together with local coordinates xi,... ,x n , determine 
the map f a : U xeUc^xi 77 ) ^ U a x where N is the number defined 
by (3.1) on the page before. Due to computation rules for partial derivatives 
under coordinate transformations, the map 


(fa ° fp 1 ) \u a m, : (Ua n Up) x R n - {Ua D Up) X 


is a diffeomorphism preserving the natural projection (U Q fl Up) x 
(Lf Q C\Up). Thus we have proved the following result: 


Proposition 3.1. The set J k { tt) defined by (3.2) is a smooth manifold 
while the projection ir k : J k ( tt) —> M, n k \ [tp] k ^ x, is a smooth vector 
bundle. 


Definition 3.2. Let n: E —> M be a smooth vector bundle, dimiff = n, 
dim E — n + m. 

(1) The manifold J fc (?r) is called the manifold of k-jets for 7r; 

(2) The bundle 7T k : J k ( tt) — > M is called the bundle of k-jets for 7r; 

(3) The above constructed local coordinates {x^uf}, i = 1, ...,n, j = 
1,... , m, | cr | < k, are called the special coordinate system on J k {n) 
associated to the trivialization {U a } a of the bundle tt. 

Obviously, the bundle tt 0 coincides with tt. 

Since tangency of two manifolds with order k implies tangency with less 
order, there exists a map 

*k,r- Jk ( n ) -»■ Mx ^ Mi, 

which is a smooth fiber bundle. If k > l > s, then obviously 

T l,s ° TT k ,l T l ° TT k p TT k . (3-4) 

On the other hand, for any section ip G T(7 t) (or G Ti oc (7 t;x)) we can 
define the map jk('p): M —> J fc (7r) by setting j k {(p){x) = [(p] k . Obviously, 
jk(v) e T(7T fc ) (respectively, j k {p>) G T loc (7 r fc ;x)). 
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Definition 3.3. The section j k (<p) is called the k-jet of the section p. The 
correspondence jk '■ T( 7 t) —> T( 7 Tfc) is called the k-jet operator. 

From the definition it follows that 

Kk,i°jk(p) = ji(<p), jo(<p) = <P, k>l, ( 3 . 5 ) 

for any <p G T( 7 r). 

Let ip, G r(7r) be two sections, x G M and (p(x) = if(x) = 9 G E. It is 
a tautology to say that the manifolds T^, and are tangent to each other 
with order k + l at 9 or that the manifolds Tj k ^, T C J k (n) are tangent 
with order / at the point 9 k = j k (p)(x) = j k {ff)(x). 

Definition 3.4. Let 9 k G J k ( 7 r). An R-plane at 9 k is an n-dimensional 
plane tangent to a manifold of the form T^^) such that [p] k = 9 k . 

Immediately from definitions we obtain the following result. 

Proposition 3.2. Consider a point 9 k G J k {i r). Then the fiber of the bun¬ 
dle Tr k+ i t k- J k+1 (7r) —> J k (7 r) over 9 k coincides with the set of all R-planes 
at 9 k . 

For 9 k+ i G J fc+ 1 ( 7 r), we shall denote the corresponding .R-plane at 9 k = 
n k+hk (9 k+ i) by L dk+1 C T dk (J k (n)). 

3 . 2 . Nonlinear differential operators. Let us consider now the algebra 
of smooth functions on J k f r) and denote it by F k = F k (n). Take another 
vector bundle 7 r': E' —> M and consider the pull-back 77^(77'). Then the 
set of sections of 77^(77') is a module over F k (F) and we denote this module 
by ^.(77,77'). In particular, F k (n) = F k fn, 1m), where 1 m is the trivial 
one-dimensional bundle over M. 

The surjections 77 k ,i and n k for all k > l > 0 generate the natural em¬ 
beddings v k)t = 77 ly. Ff 77,77') —> F k (n,n') and u k = n* k \ r( 77 ') —»• F k (pK,F). 
Due to ( 3 . 4 ) on the facing page, we have the equalities 

v k .i 0 n,s = Vk,s, F,i °C = Vk, k > l > s. ( 3 . 6 ) 

Identifying Fi(tt,tt') with its image in F k ( 77,77') under u k i, we can consider 
F k ( 77,77') as a filtered module, 

r( 7 r / ) ^ ^o( 7 r, 77') ^ ^ F t_i(77,77') ^(77,77'), ( 3 . 7 ) 

over the filtered algebra C°°(M ) ■=— >• Fo F k -i F k with the 

embeddings F k ■ Ff 77,77') C F max ( k! i)(7r, 77'). Let F G F k (Tr, 77'). Then we 
have the correspondence 

A = A f : r(7r) -> r(ir'), A(tp) = j t (<p)*(F), if€T(n). 


(3.8) 
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Definition 3.5. A correspondence A of the form (3.8) on the page before is 
called a ( nonlinear ) differential operator of order < k acting from the bundle 
it to the bundle n'. In particular, when A (cup + bif) = aA(p) + 5A(-0), 
a,b £ R, the operator A is said to be linear. 

Example 3.1. Let us show that the k- jet operator A,: r(7r) —> r(7Tfc) (Def¬ 
inition 3.3 on the preceding page) is differential. To do this, recall that the 
total space of the pull-back Tilijik) consists of points ( 9 k , 6' k ) G J k {i r) x J k {ii) 
such that 7 Tkifk) = Tikif'k)- Consequently, we may define the diagonal sec¬ 
tion pk G jF fc (7r, 7Tfc) of the bundle 'nfijik) by setting Pk(9 k ) = 0 k . Obviously, 
jk A p k , i.e., 

jk(p)*(pk) = jk(<p), <peT(ir). 

The operator jk is linear. 

Example 3.2. Let t* : T*M —> M be the cotangent bundle of M and 
r* : f\f T*M —> M be its p- th exterior power. Then the de Rham differential 
d is a first order linear differential operator acting from rf to r* +1 , p > 0. 

Let us prove now that composition of nonlinear differential operators is a 
differential operator again. Let A: T(7 t) —» T(7t') be a differential operator 
of order < k. For any 6k = [p]^ G J k {j r), set 

$a(4) = [A(<p)]° x = (A(<p))(x). (3.9) 

Evidently, the map is a morphism of fiber bundles (but not of vector 
bundles!), i.e., 7r' o <F a = ^k- 

Definition 3.6. The map <f>A is called the representative morphism of the 
operator A. 

For example, for A = j k we have <Fj fc = idjfcpq. Note that there ex¬ 
ists a one-to-one correspondence between nonlinear differential operators 
and their representative morphisms: one can easily see it just by inverting 
equality (3.9). In fact, if <f>: J k (n) —> E' is a morphism of n to nj a section 
<p G tF(7r,7r') can be defined by setting ip(6k) = G J k (n) x E 1 . 

Then, obviously, <f> is the representative morphism for A = A v . 

Definition 3.7. Let A: r(7r) —> r(7r') be a k-th order differential operator. 
Its l-th prolongation is the composition A (/) — j t o A: T(7r) —>• r(7r/). 

Lemma 3.3. For any k-th order differential operator A, its l-th prolonga¬ 
tion is a (k + l)-th order operator. 

Proof. In fact, for any 6 k+ i = [ p] k+l G J k+l (n) set § { ^(9 k+l ) = [A(^)]J. G 
J\ 7r). Then the operator, for which the morphism <h^' 1 is representative, 
coincides with A^b □ 
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Corollary 3.4. The composition A' o A of two nonlinear differential op¬ 
erators A: r(7r) —■> r(7r / ) and A': r(7r') —> r(7r") of orders < k and < k' 
respectively is a (k + k')-th order differential operator. 

Proof. Let $ { p: J k+k ' (7r) — > J k '(7 r') be the representative morphism for 

A( k 'f Then the operator □, for which the composition $a' ° 4*a * is the 
representative morphism, coincides with A'o A. □ 


The following obvious proposition describes main properties of prolonga¬ 
tions and representative morphisms. 


Proposition 3.5. Let A: T(7t) —> T(7t') and A': T(7t') —> T(7r") be two 
differential operators of orders k and k! respectively. Then: 

(1) <La'oA = $ A' ° ®a \ 

(2) <f>^ o j k+l (<p) = A®(<p) for any tp E T(7t) and l > 0, 

(3) 7r ip o <f>^ = } o 7r k+i,k+v, i-e., the diagram 


do 


J k+l ( 7T) —^ J l ( TT 7 ) 


n k + l,k + l' 


1 , 1 ' 


J k+V I 


&(*') 


7T 


J*V) 


is commutative for all l > V > 0. 


(3.10) 


3.3. Infinite jets. We now pass to infinite limit in all previous construc¬ 
tions. 


Definition 3.8. The space of infinite jets J°°( n) of the fiber bundle 
7r: E —> M is the inverse limit of the sequence 

-» J k+l ( tt ) J k (n) ->- > J\n) E A+ m, 

i-e-, J°°{ tt) = proj lim { ^ ;} J fc (7r). 

Thus a point 0 of J°°( -rr) is a sequence of points {^fc}fc> 0 , 0 k e J fc (7r), 
such that 7 Tk,i{0 k ) — &i, k > l. Points of J°°(7r) can be understood as 771- 
dimensional formal series and can be represented in the form 6 = [<p]£°, e 
riocW- 

A special coordinate system associated to a trivialization {U a }a is given 
by the functions x\,.. ., x n , ..., uf ,.... 

A tangent vector to J°°(n) at a point 6 is defined as a system of vectors 
{w,v k }k> o tangent to M and to J k ( tt) respectively such that (Ti k )*v k = w, 
(tt k ,i)*v k = Vi for all k > l > 0. 
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A smooth bundle £ over J°°( n) is a system of bundles rj: Q —> M, 
fk : Pfc —> J^X 77 ) together with smooth maps T*,: P k —> Q, T k ,i'■ Pk —> -Pj, 
k > l > 0, such that 

V U o o vI/ M = fc > l > s > 0 

For example, if iy. Q —> M is a bundle, then the pull-backs TT k {rj ): 7r k (Q) —>► 
J^X 71- ) together with natural projections TT k (Q) —> ^i(Q) and 7 r^Q) —> Q 
form a bundle over J°°(7r). We say that £ is a vector bundle over J°°(7r), 
if rj and all are vector bundles while the maps and are hberwise 
linear. 

A smooth map of to J°°( n'), where n: E —> M, F: E' —> M', 

is defined as a system F of maps F_ !X) : M —> M', F k : J fc (7r) _H " J k ~ s (P), 
k > s, where s 6 Z is a fixed integer called the degree of F, such that 

T^k—r,k—s —1 0 Pfc = F k —i O TT k k —i, k P S A 1, 

and 

^k—s ^ -F& P—oo ® ^ky k > S. 

For example, if A: r(7r) —> r(7T / ) is a differential operator of order s, then 
the system of maps F^^ = kIm, F k = <f>^ s \ k > s (see the previous 
subsection), is a smooth map of to J°°(7r'). 

A smooth function on J°°(tt) is an element of the direct limit F = F(F) = 
inj lim^. j F k (7r), where F k (p) is the algebra of smooth functions on J k { 7r). 

Thus, a smooth function on J°°(7r) is a function on J fc (7r) for some finite 
but an arbitrary k. The set F = F(7t) of such functions is identified with 
ur= 0 ^ {it ) and forms a commutative hltered algebra. Using duality be¬ 
tween smooth manifolds and algebras of smooth functions on these mani¬ 
folds, we deal in what follows with the algebra F(if) rather than with the 
manifold J°°(ir) itself. 

From this point of view, a vector field on J°°{tt ) is a hltered derivation of 
F{ 7r), i.e., an R-linear map X : F{tt) —> F(tt) such that 

X(fg) = fX(g)+gX(f), f,geF( tt), C 

for all k and some l = l(X). The latter is called the filtration degree of the 
held X. The set of all vector fields is a hltered Lie algebra over M with 
respect to commutator [A, Y] and is denoted by D(7 t) = lj ;>0 D^(7r). 

Differential forms of degree i on are defined as elements of the 

hltered F(7r)-modulc A* = A*(7 t) = (J fc>0 A*(7r fc ), where A*(7r fc ) = A*(J fc ( 7r )) 
and the module A*(7Tfc) is considered to be embedded into A*(7Tfc+i) by the 
map 7 t| +1 k . Dehned in such a way, these forms possess all basic properties 
of differential forms on hnite-dimensional manifolds. Let us mention the 
most important ones: 
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(1) The module A*©) is the i-th exterior power of A 1 (7 t), A*(7t) = 
/\'A 1 (7t). Respectively, the operation of wedge product A: A p (n) <8) 
A q (n) —> A p+I3 (7r) is defined and A*(7 t) = 0 ;>o A*(7t) becomes a su- 
percommutative Z-graded algebra. 

(2) The module D(7 t) is dual to A 1 (7 t), i.e., 

D(vr) = Hom^. (7r) (A 1 (jr),P(ir)), (3.11) 

where Hom^-^(-,-) denotes the module of filtered homomorphisms 
over P(n). Moreover, equality (3.11) is established in the following 
way: there is a derivation d : Pin) —> A 1 (7t) (the de Rham differential 
on J°°(7r)) such that for any vector field X there exists a uniquely 
defined filtered homomorphism fx satisfying fx°d = X. 

(3) The operator d is extended up to maps d : A*(7t) —■> A i+1 (7r) in such a 
way that the sequence 

0 —> Pfr r) —>■ A 1 (7t) —>•••—> A*(7t) —>■ A i+1 (7r) —>■■■■ 

becomes a complex, i.e., dod = 0. This complex is called the de Rham 
complex on The latter is a derivation of the superalgebra 

A*(tt). 

Using algebraic techniques (see Section 1), we can introduce the notions 
of inner product and Lie derivative and to prove their basic properties (cf. 
Proposition 1.14 on page 15). We can also define linear differential operators 
over as follows. Let P and Q be two filtered P(n )-modules and 

A G Horr©^ (P, Q ). Then A is called a linear differential operator of order 
< k acting from P to Q, if 

(<5 /o oS fl o---o 5 fk ) A = 0 

for all / 0 ,..., f k G iP(7r), where, as in Section 1, (5fA)p = A(fp) — /A(p). 
We write k = ord(A). 

Due to existence of filtrations in the algebra JP(vr), as well as in modules 
P and Q, one can define differential operators of infinite order acting from 
P to Q. Namely, let P = {P;}, Q = {Qi}, Pi C P i+1 , Qi C Q i+l , Pi and 
Qi being Pfin)- modules. Let A G Hom^.^ (P, Q) and s be filtration of A, 
i.e., A (Pi) C Qi +S . We can always assume that s > 0. Suppose now that 
Ai = A | Pl : Pi —> Qi is a linear differential operator of order o; over Pfin) 
for any l. Then we say that A is a linear differential operator of order 
growth oi. In particular, if oi = al + (3, cc, (3 G M, we say that A is of 
constant growth a. 

Distributions. Let 6 G The tangent plane to at the point 6 

is the set of all tangent vectors to J°°( n) at this point (see above). Denote 
such a plane by T g = T e {J°°{ k)). Let 6 = {x,6 k }, x G M, 6 k G J k {n) and 
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v = {w,Vk}, v' = {w',v' k } G To. Then the linear combination \v + fw' = 
{Aw + /aw', \vk + fiv' k } is again an element of Tg and thus Tg is a vector 
space. A correspondence T: 9 > T e C T e , where T g is a linear subspace, is 
called a distribution on J°°(7r). Denote by TD(7 t) C D(7t) the submodule of 
vector fields lying in T, i.e., a vector field X belongs to TD(7 t) if and only if 
Xg G Tg for all 0 G J°°(7r). We say that the distribution T is integrable, if it 
satisfies the formal Frobenius condition: for any vector fields X, Y G TD(7 t) 
their commutator lies in TD(7 t) as well, or \TD[ti),TD{ti)\ C TDfn). 

This condition can expressed in a dual way as follows. Let us set 

T 1 A(vr) = {w G A 1 (7t) | ix^ = 0, X G TD(tt) } 

and consider the ideal TA*{ti) generated in A*(7 t) by T 1 A(7 t). Then the 
distribution T is integrable if and only if the ideal TA*(tt) is differentially 
closed: d(TA*(yr)) C TA*(tt). 

Finally, we say that a submanifold N C is an integral manifold 

of T, if TgN C Tg for any point 9 G N. An integral manifold N is called 
locally maximal at a point 6 G N, if there no neighborhood U C N of 6 is 
embedded to other integral manifold N' such that dim N < dim N'. 

3.4. Nonlinear equations and their solutions. Let n: E —> M be a 

vector bundle. 

Definition 3.9. A submanifold £ C J k (n ) is called a ( nonlinear) differen¬ 
tial equation of order k in the bundle 7r. We say that £ is a linear equation , 
if £ fl 7r“ 1 (x) is a linear subspace in for all x G M. In other words, 

£ is a linear subbundle in the bundle 7ik- 

We shall always assume that £ is projected surjectively to E under 

Definition 3.10. A (local) section / of the bundle n is called a (local) 
solution of the equation £, if its graph lies in £\ j k (f)(M) C £. 

We say that the equation £ is determined, if codim £ = dim7r, that it 
is overdetermined, if codim £ > dini7r, and that it is underdetermined, if 
co dim £ < dini7r. 

Obviously, in a special coordinate system these definitions coincide with 
“usual” ones. 

One of the ways to represent differential equations is as follows. Let 
n': M r x U —> U be the trivial r-dimensional bundle. Then the set of 
functions (F 1 ,..., F r ) can be understood as a section (p of the pull-back 
iTk | u)* (vr 7 ), or as a nonlinear operator A = defined in U, while the 
equation £ is characterized by the condition 

£nU = {9 k eU | (p(9 k ) =0}. 


(3.12) 
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More generally, any equation £ C J k \i r) can be represented in the form 
similar to (3.12) on the facing page. Namely, for any equation £ there 
exists a fiber bundle tt': E 1 —> M and a section p G Fk(rr, 7r) such that £ 
coincides with the set of zeroes for p: £ = {p = 0}. In this case we say that 
£ is associated to the operator A = A^: r(7r) —> T(7 t') and use the notation 

S = S A . 

Example 3.3. Let tt = r p *: f\ p T*M -> M, tt' = r p * +1 : f\ p+1 T*M -> M 
and d: r(7r) = K P (M) —» T(7t') = A P+1 (M) be the de Rham differential (see 
Example 3.2 on page 38). Thus we obtain a first-order equation £ d in the 
bundle r*. Consider the case p — l,n > 2 and choose local coordinates 
X\, ..., x n in M. Then any form u G A 1 (M) is represented as oj = u l dx\ + 
••• + u n dx n and we have £ d — { u\ — Uj | i < j}. This equation is 
underdetermined when n — 2, determined for n — 3 and overdetermined for 
n > 3. 

Example 3.4. Consider an arbitrary vector bundle tt: E M and a dif¬ 
ferential form u G A p (J k ( y 7i)), p < dim M. Then the condition jk(p)*(< jj) = 
0, p G T(7t), determines a (k + l)-st order equation £ u in the bundle tt. 
Consider the case p = dim M = 2, k = 1 and choose a special coordinate 
system x,y,u,u x ,u y in J l {i r). Let p = p(x,y ) be a local section and 

u = Ad-Ua, A duy + (Bid,u x + B 2 du y ) A du + du x A (.Budx + B V2 dy) 

+ dw,, A (. B 2 \dx + B 22 dy) + du A {C\dx + C 2 dy ) + Ddx A dy, 
where A, £>,, B t j, Ci, D are functions of x, y, u, u x , u y . Then we have 

ji(<A)*^ = (^(<A^ ra - + (<^f + Bf 2 )p xx 

- (p x B% + Sf 2 + (p y B% - + B& - 

+ - p y Cf + £>*)) dx A dy, 

where F p = ji(p)*F for any F G T\ (tt). Hence, the equation £ UJ is of the 
form 

^id^xx^yy ^ X y ) h\\Tl xx T b \ 2 A b 22 u yy ~\r c 0, (3.13) 

where a = A,b u = u y Bi + B 12 , b 12 = u y B 2 - u x B 1 + B 22 - B u , b 22 = 
u x B 2 + B \ 2 , c = u x C 2 — u y C\ + D are functions on J 1 (7r). Equation (3.13) 
is the so-called two-dimensional Monge-Ampere equation and obviously any 
such an equation can be represented as £ w for some u> G A 1 (J 1 (7t)) (see [36] 
for more details). 

Example 3.5. Consider again a bundle tt: E —> Ad and a section V: E —> 
J 1 (7r) of the bundle 7Ti )0 : J 1 ^) —■> E. Then the graph = V(E) C d 1 (7r) 
is a first-order equation in the bundle tt. Let 0\ G £y Then, due to 
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Proposition 3.2 on page 37, the point 9\ is identified with the pair (9 0 , Le^, 
where 9 0 = 7ri, 0 (#i) G E, while Lg 1 is the i?-plane at 9 0 corresponding to 
9 1 - Hence, the section V (or the equation £ v ) may be understood as a 
distribution of horizontal (i.e., nondegenerately projected to T X M under 
( 7 r fc )*, where x = 7 Tk(9k)) n-dimensional planes on E: : E 3 9 1 —»• 9i = 

Lv( 6»)- In other words, V is a connection in the bundle 7 r. A solution of 
the equation £v, by definition, is a section ip G r(7r) such that ji (</?)(Af) C 
V(A). It means that at any point 9 = </?(x) G <p(M) the plane Ty{9) is 
tangent to the graph of the section ip. Thus, solutions of coincide with 
integral manifolds of 7y. 

In a local coordinate system ( 24 ,..., x n , u 1 ,..., u' n ,... ,uj,...), i = 
1 ,., n, j — 1 ,..., m, the equation £y is represented as 

u \ = X7\{ Xl ,...,a; n ,u 1 ,...,'u m ), i = = 1 (3.14) 

V J t being smooth functions. 


Example 3.6. As we saw in the previous example, to solve the equation 
is the same as to find integral n-dimensional manifolds of the distribution 
7y- Hence, the former to be solvable, the latter is to satisfy the Frobenius 
theorem. Thus, for solvable £y we obtain conditions on the section V G 
r(7r 10 ). Let write down these conditions in local coordinates. 

Using representation (3.14), note that is given by 1-forms 

n 

uji = du J V;r/./',. j = 1,... , m. 

i =1 

Hence, the integrability conditions may be expressed as 

m 

pi A 07j, j = 1,..., m, 

i =1 


for some 1-forms p\. After elementary computations, we obtain that the 
functions Vj must satisfy the following relations: 


dxn 


+ 5> 

7=1 






dx r 


+E V 

7=1 




(3.15) 


for all j = l,...,m, 1 < a < [3 < m. Thus we got a naturally con¬ 
structed first-order equation T(n) C J 1 ( 714 , 0 ), whose solutions are horizontal 
n-dimensional distributions in E = J°(7r). 


3.5. Cartan distribution on J k ( 7r). We shall now introduce a very impor¬ 
tant structure on J fc (7r) responsible for “individuality” of these manifolds. 


Definition 3.11. Let 7r: A —> M be a vector bundle. Consider a point 
9k G J fc (7r) and the span Cg k C Tg k (J k ( 7r)) of all A-planes at the point 6*^. 
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(1) The correspondence C k = C k ( tt): 6 k h->• Cg k is called the Cartan dis¬ 
tribution on J k ( 7r). 

(2) Let £ C J k {n) be a differential equation. Then the correspondence 
C k (£ ): £ 3 6k ^ O To k £ C Tg k £ is called the Cartan distribution 
on £. We call elements of the Cartan distributions Cartan planes. 

(3) A point 9 k G £ is called regular , if the Cartan plane Cg k (£) is of 
maximal dimension. We say that £ is a regular equation, if all its 
points are regular. 


In what follows, we deal with regular equations or with neighborhoods of 
regular points. As it can be easily seen, for any regular point there exists a 
neighborhood of this point all points of which are regular. 

Let 6k G J k ( 7r) be represented in the form 

6 k = Mx, F e T(7 t), x = 7 T k (6 k ). (3.16) 

Then, by definition, the Cartan plane Cg k is spanned by the vectors 

3k(<p)*,x(v), v G T X M, (3.17) 


for all <p G Ti oc (7t) satisfying (3.16). 

Let xi ,..., x n ,..., u ..., j — 1,..., m, |cr| < k, be a special coordinate 
system in a neighborhood of 6k■ The vectors of the form (3.17) can be 
expressed as linear combinations of the vectors 


_d_ gl^l+V d 

dxi + 4 -^ dx a dxi dui ’ 

\<t\< k 3 =1 


(3.18) 


where i — 1,..., n. Using this representation, we prove the following result: 


Proposition 3.6. For any point 9 k G J k (n), k > 1, the Cartan plane Cg k 
is of the form Cg = (nk j k-i)f 1 (Lo k ), where Lg k is the R-plane at the point 
7r k,k-i(6k) ^ J fc_1 (7r) determined by the point 9 k . 

Proof. Denote the vector (3.18) by v k ' ;V . It is obvious that for any two 
sections p and ip 1 satisfying (3.16) the difference v k ' ;V — z k,if is a 7r k , k -r 
vertical vector and any such a vector can be obtained in this way. On the 
other hand, the vectors do not depend on section cp satisfying (3.16) 

and form a basis in the space Lg k . □ 


Remark 3.1. From the result proved it follows that the Cartan distribution 
on J k { 7r) can be locally considered as generated by the vector fields 


D 


(fc-i) 


_d_ 

dxj 


+ 


E E 

|(x|<fc—1 j= 1 


U„ 


d 

duV 


Vf = 


_d_ 

dut 


T = 


k, s — 1,..., m. 

(3.19) 



46 


From here, by direct computations, it follows that [Idf, D\ ] = Vf_ i: where 

V s = \ 'V: if t = r'i, 

0, if t does not contain i. 

But, as it follows from Proposition 3.6 on the preceding page, vector fields 
Vj for | a | < k do not lie in C k . Thus, the Cartan distribution on J k {ii) is 
not integrable. 

Introduce 1-forms in special coordinates on J fc+1 (7r): 

n 

ujI = dui - Kidxi, (3.20) 

i =1 

where j = 1,... ,m, |cr| < k. From the representation (3.19) on the page 
before we immediately obtain the following important property of the forms 
introduced: 

Proposition 3.7. The system of forms (3.20) annihilates the Cartan dis¬ 
tribution on J k { 7r), i.e., a vector field X lies in C k if and only if ixcof = 0 
for all j = 1 ,..., m, |er| < k. 

Definition 3.12. The forms (3.20) are called the Cartan forms on T fc (7r) 
associated to the special coordinate system Xi^uf. 

Note that the jFfc(7r)-submodule generated in A : ( J fc (vr) by the forms (3.20) 
is independent of the choice of coordinates. 

Definition 3.13. The )-subrnodule generated in A 1 (J fc (7r)) by the 
Cartan forms is called the Cartan submodule. We denote this submodule 
by CA 1 (J k (n)). 

We shall now describe maximal integral manifolds of the Cartan distri¬ 
bution on J k {ii). Let N C J k {j r) be an integral manifold of the Cartan 
distribution. Then from Proposition 3.7 it follows that the restriction of 
any Cartan form uj to N vanishes. Similarly, the differential du vanishes on 
N. Therefore, if vector fields X , Y are tangent to N, then du \n (A", Y) = 0. 

Definition 3.14. Let Cg k be the Cartan plane at 6 e J^n). 

(1) Two vectors v,w G Cg k are said to be in involution , if due k (v,w) = 0 
for any u G CA 1 (J fc (7r)). 

(2) A subspace W C Cg k is said to be involutive , if any two vectors 
v,w E W are in involution. 

(3) An involutive subspace is called maximal , if it cannot be embedded 
into any other involutive subspace. 
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Consider a point 0 k = [<p] k G J fe (7r). Then from Proposition 3.7 on the 
facing page it follows that the direct sum decomposition Cg k = Tq ®Tq takes 
place, where T£ denotes the tangent plane to the fiber of the projection 
7Tfc ; fe_i passing through the point 6 k , while Tf k is the tangent plane to the 
graph of jfc (</?). Hence, the involutiveness is sufficient to be checked for the 
following pairs of vectors v,w G 

(1) v,weTg k -, 

(2) v,w e T£; 

(3) i> e Tl, m 6 Tg k . 

Note now that the tangent space Tf is identified with the tensor product 
S k (T*)®E x , x = n k (0 k ) G M, where T* is the fiber of the cotangent bundle 
to M at x, E x is the fiber of the bundle n at the same point while S k denotes 
the k-th symmetric power. Then any vector w G T X M determines the map 
^: S k (T*) ®E X ^ S k ~ l (T*) ®E X by 

k 

8 w (pi • ■ ■ ■ • Pk) ® e = pi • ... • (p*, w) ■ . .. • p k ® e, 

where the dot denotes multiplication in S k (T*), p t G T*, e <E E x while 
(•, •) is the natural pairing between T* and T x . 

Proposition 3.8. Let v,w G C| fc . Then: 

(1) All pairs v,w G Tg k are in involution. 

(2) All pairs v,w G Tg k are in involution too. If v G Tf k and w G Tg k , 

then they are in involution if and only if = 0. 

Proof. Note first that the involutiveness conditions are sufficient to check 
for the Cartan forms (3.20) on the preceding page only. The all three 
results follow from the representation (3.19) on page 45 by straightforward 
computations. □ 

Let 0 k G J k ( 7r) and Fg k be the fiber of the bundle 7i ktk -i passing through 
the point 6 k while H C T X M be a linear subspace. Using the linear struc¬ 
ture, we identify the fiber Fg k of the bundle n k ,k-i with its tangent space 
and define the space 

Ann (H) = {«G Fg k \ 8 w v = 0, \/w G H }. 

Then, as it follows from Proposition 3.8, the following description of maxi¬ 
mal involutive subspaces takes place: 

Corollary 3.9. Let 0 k = [(p] k , p G rioc(7r). Then any maximal involutive 
subspace V C C| fc (7r) is of the form V = jfc(p)*(i/) © Ann (H) for some 
H C T X M. 
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If V is a maximal involutive subspace, then the corresponding space H 
is obviously 71 ^* (V). We call the dimension of H the type of the maximal 
involutive subspace V and denote it by tp(V). 


Proposition 3.10. Let V be a maximal involutive subspace. Then 

''n — r + k — 1 N 


dim V = m 


k 


where n = dim M, m = dim 7r, r = tp(P). 


Proof. Let us choose local coordinates in M in such a way that the vectors 
d/dxi ,..., djdx r form a basis in H. Then, in the corresponding special 
system in J fc (vr), coordinates along Ann (H) will consist of those functions 
uf, |o'| = k, for which multi-index cr does not contain indices 1 ,... ,r. □ 

Let N C J k ('x) be a maximal integral manifold of the Cartan distribution 
and 6k G N. Then the tangent plane to N at 9k is a maximal involutive 
plane. Let its type be equal to r(9 k )- 

Definition 3.15. The number tp(N) = ma xr(dk) is called the type of the 
maximal integral manifold N of the Cartan distribution. 


Obviously, the set g(N) = { 9 k G N j r(6 ) fc ) = tp(lV) } is everywhere dense 
in N. We call the points 6k € g(N) generic. Let 9k be such a point and U 
be its neighborhood in N consisting of generic points. Then: 

(1) N' = nkk-i(N) is an integral manifold of the Cartan distribution on 

(2) dim(AT') = tp(AT) and 

(3) Tik-i |jv' : N' —> M is an immersion. 

Theorem 3.11. Let N C J fc-1 ( ti) be an integral manifold of the Cartan 
distribution on J k {i r) andU C N be an open domain consisting of generic 
points. Then 

U = {9 k eJ k (n)\L 0k DTo k _ 1 U'}, 

where 6 k _ 1 = n kik -i(6 k ), U' = 7r fc)fc _i(W). 

Proof. Let M' = nk-i(U r ) C M. Denote its dimension (which equals to 
tp(AT)) by r and choose local coordinates in M in such a way that the 
submanifold V is determined by the equations x r+ \ — ■ ■ ■ = x n — 0 in 
these coordinates. Then, since U' C J fe ~ 1 (7r) is an integral manifold and 
Tik-i | u' '■ W ~ > is a cliffeomorphism, in corresponding special coordinates 
the manifold U' is given by the equations 

—-, if a does not contain r + 1,..., n, 

ox a 

0 otherwise, 
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for all j — 1,,.. , m, |cr| < k —1 and some smooth function tp = Lp(x\,..., x r ). 
Hence, the tangent plane H to U' at 6k -1 is spanned by the vectors of the 

form (3.18) on page 45 with i = 1,_, r. Consequently, a point 9 k , such 

that Lg k D H , is determined by the coordinates 


u 


j 

(J 


d'V 

arbitrary real numbers 


if cr does not contain r + 1,..., n, 
otherwise, 


where j — 1,... ,m, \a\ < k. Hence, if 6 k , 6' k are two such points, then the 
vector 9k — 0' k lies in Ann (if), as it follows from the proof of Proposition 3.10 
on the preceding page. As it can be easily seen, any integral manifold of 
the Cartan distribution projecting to W is contained in U, which concludes 
the proof. □ 


Remark 3.2. Note that maximal integral manifolds N of type dim M are 
exactly graphs of jets _;&(</?),</? G Ti oc ( tt)- On the other hand, if tp(iV) = 0, 
then N coincides with a fiber of the projection TTk,k- 1 : J k (' K ) J k ~ l ( 7r). 

3.6. Classical symmetries. Having the basic structure on J k {i r), we can 
now introduce transformations preserving this structure. 

Definition 3.16. Let Lf, U’ C J k {n) be open domains. 

(1) A diffeomorphism F: U —> U' is called a Lie transformation , if it 
preserves the Cartan distribution, i.e., F* (C ^) = Cp^ for any point 
6k G U. 

Let E, £’ C J fc (7r) be differential equations. 

(2) A Lie transformation F: U —> L/ is called a (local) equivalence, if 

F(u n£) = U'n £'. 

(3) A (local) equivalence is called a (local) symmetry, if £ — £' and 
U = U'. 


Below we shall not distinguish between local and global versions of the 
concepts introduced. 

Example 3.7. Consider the case J°(i r) = F. Then, since any n-dimen- 
sional horizontal plane in TqE is tangent to some section of the bundle n, 
the Cartan plane Cg coincides with the whole space TgE. Thus the Cartan 
distribution is trivial in this case and any diffeomorphism of F is a Lie 
transformation. 

Example 3.8. Since the Cartan distribution on J k (n) is locally determined 
by the Cartan forms (see (3.20) on page 46), the condition of F to be a Lie 
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transformation can be reformulated as 

m 

F *<4 = E E A i’>r, j = M < k, (3.21) 

o=l |r|<fc 

where A£“ are smooth functions on J k (i r). Equations (3.21) are the base 
for computations in local coordinates. 

In particular, if dim7r = 1 and k — 1, equations (3.21) reduce to the only 
condition F*u = \u, where u = du — Y^i=\ u id x i- Hence, Lie transforma¬ 
tions in this case are just contact transformations of the natural contact 
structure in J l {i r). 

Let F : J k (i r) —> J k (7 r) be a Lie transformation. Then graphs of h-jets 
are taken by F to n-dimensional maximal manifolds. Let 9 k+ \ be a point 
of J k+1 {ii) and represent 9 k+1 as a pair ( 9 k ,L dk+1 ), or, which is the same, 
as a class of graphs of /e-jets tangent to each other at 9 k . Then the image 
F*(yLg k+1 ) will almost always be an f?-plane at F{9 k ). Denote the corre¬ 
sponding point in J k+ 1 ( 7r ) by F {1 \9 k+ 1 ). 

Definition 3.17. Let F : J k (ir) —> J k (i r) be a Lie transformation. The 
above defined map F (1 ) : J fc+1 (7r) —» J fc+1 (7r) is called the l-lifting of F. 

The map F ( l > is a Lie transformation at the domain of its definition, since 
almost everywhere it takes graphs of (k + l)-jets to graphs of the same kind. 
Hence, for any l > 1 we can define F ® = (F^ _1 ^)b) and call this map the 
l-lifting of F. 

Theorem 3.12. Let tt: E —> M be an m-dimensional vector bundle over an 
n-dimensional manifold M and F: J k {j r) —> J k {i r) be a Lie transformation. 
Then: 

(1) If m > 1 and k > 0 , then the map F is of the form F = G ^ for 

some diffeomorphism G\ —> J°{i r); 

(2) If m — 1 and k > 1, then the map F is of the form F = Gf or 
some contact transformation G\ J l {ii) —>► J 1 (tt). 

Proof. Recall that fibers of the projection n k ^-\ '■ J k ( 7r) —> J fc_1 ( tt) for k > 1 
are maximal integral manifolds of the Cartan distribution of type 0 (see 
Remark 3.2 on the page before). Further, from Proposition 3.10 on page 48 
it follows in the cases m > 1, k > 0 and m — 1, k > 1 that they are integral 
manifolds of maximal dimension, provided n > 1. Therefore, the map F is 
7Tfc ie -hberwise, where e = 0 for m > 1 and e = 1 for m — 1. 

Thus there exists a map G\ J e (i r) —> J e (i r) such that TT k ,e°F = Go-K k t and 
G is a Lie transformation in an obvious way. Let us show that F = G^ k ~ e \ 
To do this, note first that in fact, by the same reasons, the transformation 
F generates a series of Lie transformations Gi : J 1 (tt) —> J l {i r), l = e,..., k, 
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satisfying 7Ty_i o Gi = Gi -1 o 7r^_i and Gk = F,G e = G. Let us compare 
the maps F and G^}_ v 

From Proposition 3.6 on page 45 and the definition of Lie transformations 
we obtain 

= F*(Cg k ) = C F{9k ) = {TTk,k-i)* 1 (L F (p k )) 

for any 9 k G J k {i r). But 

F*{{'Kk,k-i)* 1 {Lo k )) = {nk,k-i)* l {G k -\,*{Lo k )) 

and consequently Gh-i,*(Lg k ) = L F ^ k y Hence, by the definition of 1-lifting 
we have F = G'j.'i,. Using this fact as a base of elementary induction, we 
obtain the result of the theorem for dim M > 1. 

Consider the case n — 1, m — 1 now. Since all maximal integral mani¬ 
folds are one-dimensional in this case, it should be treated in a special way. 
Denote by V the distribution consisting of vector fields tangent to the fibers 
of the projection Tr^k-i- We must show that 

F*V = V (3.22) 

for any Lie transformation F, which is equivalent to F being 'Kk,k-v 
hberwise. 

Let us prove (3.22). To do it, consider an arbitrary distribution V on a 
manifold N and introduce the notation 

VD = { X e D(N) | X lies in V } (3.23) 

and 

D v = { X e D(N) I [X, Y] E V , VU e VD }. (3.24) 

Then one can show (using coordinate representation, for example) that 
DV = DC k fl D\ DC k DC k] for k > 2. But Lie transformations preserve the 
distributions at the right-hand side of the last equality and consequently 
preserve DV. □ 

Definition 3.18. Let n: E —> M be a vector bundle and S C J fc (vr) be a 
k-th order differential equation. 

(1) A vector held X on J k {ii) is called a Lie field , if the corresponding 
one-parameter group consists of Lie transformations. 

(2) A Lie held is called an infinitesimal symmetry of the equation £, if it 
is tangent to S. 

Since in the sequel we shall deal with infinitesimal symmetries only, 
we shall call them just symmetries. By definition, one-parameter groups 



52 


of transformations corresponding to symmetries preserve generalized solu¬ 
tions 6 . 

Let X be a Lie field on J k {i r) and F t : J k {i r) —> J k (7r ) be its one-parameter 
group. Then we can construct the /-lifting : J k+ \n) —> J k+l (n) and the 
corresponding Lie field on J k+ \n). This field is called the l-lifting of 
the field X. As we shall see a bit later, liftings of Lie fields are defined 
globally and can be described explicitly. An immediate consequence of the 
definition and of Theorem 3.12 on page 50 is 


Theorem 3.13. Let n: E —> M be an m-dimensional vector bundle over 
an n-dimensional manifold M and X be a Lie field on J k {i r). Then: 

(1) If m > 1 and k > 0, the field X is of the form X = fo r some 
vector field Y on J°(7r); 

(2) If m — 1 and k > 1, the field X is of the form X = f or some 

contact vector field Y on J 1 (vr). 


To finish this subsection, we describe coordinate expressions for Lie fields. 
Let (xi,..., x n , ..., uf, ...) be a special coordinate system in J k (n). Then 
from (3.21) on page 50 it follows that 


,Y = X Xi 


_d_ 

dxi 


EE 1 ; 

j — 1 |cr|<fc 


d 

dul 


is a Lie field if and only if 


x> ci = a(v’)-5>la(w), 


where 


D t 


_d_ 

d Xi 


m 


+EE 

j= i M>o 



(3.25) 


(3.26) 


are the so-called total derivatives. 


Exercise 3.1. It is easily seen that the operators (3.26) do not preserve 
the algebras F}-\ they are derivations acting from Fk to Fk + i■ Prove that 
nevertheless for any contact field on Ffi r), dim7T = 1, or for an arbitrary 
vector field on J°(vr) (regardless of the dimension of it ) the formulas above 
determine a vector field on J k {i r). 

Recall now that a contact field X on J 1 ^n) is completely determined by 
its generating function f = where to = du — 'f2 i Uj dx t is the Cartan 

6 A generalized solution of an equation £ is a maximal integral manifold N C £ of the 
Cartan distribution on £; see [35]. 
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(contact) form on J l {i r). The contact field corresponding to / G Fi{n) is 
denoted by Xf and is given by the expression 

y _ ( f-sr 

f du\. dx % \ ^ Ul duj )du 

4-1 1 \ *_i / (3.27) 

f^L df.\ A 

V ^ x i Ul du ) dui ’ 

Thus, starting with a field (3.27) in the case dim7r = 1 or with an arbi¬ 
trary field on J°(vr) for dini7r > 1 and using (3.25) on the facing page, we 
can obtain efficient expressions for Lie fields. 


Remark 3.3. Note that in the multi-dimensional case dini7r > 1 we can 
introduce the functions / J = i^ad, where ad = du? — )Td u{ dxi are the 
Cartan forms on J l {j r). Such a function may be understood as an element 
of the module Jdi(7r, 7r). The local conditions of a section / G F 1 (7T, 7T ) to 
generate a Lie field is as follows: 


d _ r _ 

duf 


Of 0 df a 
du 0 ’ du 0 


0, 01 /3. 


We call / the generating function (though, strictly speaking, the term gen¬ 
erating section should be used) of the Lie field A", if X is a lifting of the 
field Xf. 


Let us write down the conditions of a Lie field to be a symmetry. Assume 
that an equation S is given by the relations F 1 = 0,..., F r = 0, where 
Fi G F k { 77 ). Then X is a symmetry of £ if and only if 

r 

x(F‘) = Yi x i F °’ i = 

a=l 

where Xf are smooth functions, or A^(F J ) \ £ = 0, j = 1 ,...,r. These 
conditions can be rewritten in terms of generating sections and we shall do 
it later in a more general situation. 


3.7. Prolongations of differential equations. Prolongations are differ¬ 
ential consequences of a given differential equation. Let us give a formal 
definition. 

Definition 3.19. Let £ C J k ( 71 ) be a differential equation of order k. De¬ 
fine the set 

£ l = {9 k+1 G J k+1 (n) | 77k + i,k(9 k +i) e £, Lg k+1 c T nk+lk ^ k+l) £} 
and call it the first prolongation of the equation £. 
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If the first prolongation E 1 is a submanifold in J k+1 (n), we define the 
second prolongation of £ as (E 1 ) 1 C J k+2 (n), etc. Thus the l-th prolongation 
is a subset E l C J k+l (n). 

Let us redefine the notion of Z-th prolongation directly. Namely, take a 
point 9 k G £ and consider a section ip G Fi oc (7t) such that the graph of jk('p) 
is tangent to £ with order /. Let 7r k{0k) — x E M. Then [< p] k+l is a point of 
J k+l (7r) and the set of all points obtained in such a way obviously coincides 
with £ l , provided all intermediate prolongations E 1 ,..., £ l ~ l be well defined 
in the sense of Definition 3.19 on the page before. 

Assume now that locally £ is given by the equations F 1 = 0,..., F r = 0, 
F 3 e T k {i r) and 6 k E £ is the origin of the chosen special coordinate system. 
Let u 1 = ^(xi,..., x n ),..., u m = p> m {x i,..., x n ) be a local section of the 
bundle it. Then the equations of the first prolongation are 

OF 3 ^ OF 3 n 

+ = « = 3 = 1,-,r, 

a,a u 

combined with the initial equations F r = 0. From here and by comparison 
with the coordinate representation of prolongations for nonlinear differential 
operators (see Subsection 3.2), we obtain the following result: 

Proposition 3.14. Let £ C J k (n) be a differential equation. Then 

(1) If the equation £ is determined by a differential operator A: T(7t) —> 
T^'), then its l-th prolongation is given by the l-th prolongation 

: T(7t) —■> r(7r[) of the operator A. 

(2) If £ is locally described by the system F 1 = 0,..., F r = 0, F 3 e 
Fkijr), then the system 

D a F 3 = 0, M <l,j = l,...,r, (3.28) 

where D a = D tl o ■ ■ ■ o D^, a = i\.. ,i\ a \, corresponds to £ l . Here 
D,j stands for the i-th total derivative (see (3.26) on page 52). 

From the definition it follows that for any l > V > 0 one has TTk+i : k+i'(£ l ) F 
£ 1 ' and consequently one has the maps TTk+i,k+i r - £ l —^ £ 1 ' ■ 

Definition 3.20. An equation £ C J k { tt) is called formally integrable. if 

(1) all prolongations £ l are smooth manifolds and 

(2) all the maps TTk+i+\,k+i '■ £ l+1 £ l are smooth fiber bundles. 

Definition 3.21. The inverse limit proj linp^^ £ l with respect to projec¬ 
tions TTi+ 1,1 is called the infinite prolongation of the equation £ and is denoted 
by £°° C J°°{tt). 
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3.8. Basic structures on infinite prolongations. Let n: E —> M be a 

vector bundle and £ C J k {i r) be a fc-th order differential equation. Then 
we have embeddings £i: £ l C J k+l (n) for all l > 0. Since, in general, 
the sets £ l may not be smooth manifolds, we define a function on £ l as the 
restriction f \ £ i of a smooth function / G J~k+i{ 7r). The set Ti{£) of all func¬ 
tions on £ l forms an M-algebra in a natural way and : Fk+i{ 7r) — 1 ► J~i{£) 
is a homomorphism of algebras. In the case of formally integrable equa¬ 
tions, the algebra tFi(S) coincides with C°°(£ l ). Let // = ker e]. Evidently, 
Ii(£) C Ii+i(£). Then I{£) = (J l>0 Ii(£) is an ideal in it) which is called 
the ideal of the equation £. The Junction algebra on £°° is the quotient al¬ 
gebra T{£) — tF(n)/I(£) and coincides with inj linp^^ Ti{£) with respect 
to the system of homomorphisms nl +l+1 k+l . For all l > 0, we have the 
homomorphisms : J~i(£) —■► tF(£). When £ is formally integrable, they 
are monomorphic, but in any case the algebra T{£) is filtered by the images 
of 

To construct differential calculus on £°°, one needs the general algebraic 
scheme exposed in Section 1 and applied to the filtered algebra T{£). How¬ 
ever, in the case of formally integrable equations, due to the fact that all 
£ l are smooth manifolds, this scheme may be simplified and combined with 
a purely geometrical approach (cf. with similar constructions of Subsection 
3.3). 

In special coordinates the infinite prolongation of the equation £ is deter¬ 
mined by the system similar to (3.28) on the preceding page with the only 
difference that |cr| is unlimited now. Thus, the ideal I(£) is generated by 
the functions D a Fj \a\ > 0, j = 1,..., m. From these remarks we obtain 
the following important fact. 

Remark 3.4. Let £ be a formally integrable equations. Then from the above 
said it follows that the ideal I(£) is stable with respect to the action of the 
total derivatives Dj, i = l,...,n. Consequently, the restrictions Df = 
Di : T{£) —> tF{£) are well defined and Df are filtered derivations. In 
other words, we obtain that the vector fields D t are tangent to any infinite 
prolongation and thus determine vector fields on £°°. We shall often skip 
the superscript £ in the notation of the above defined restrictions. 

Example 3.9. Consider a system of evolution equations of the form 

'i-4 = f 3 (x,t,...,u a ,...,v%,...), j, a = 1 

Then the set of functions x±,..., x n , t ,.,. 7 u\ ir 0 with 1 < ik < n, j = 
m, where t = x n+1 , may be taken for internal coordinates on £°°. 
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The total derivatives restricted to £°° are expressed as 


D, 


d 


EE 


d 


u„ 


1 3=1 | cr| >0 dU ° 


■, i = 1,... ,n, 


b <4+eew4 


3=1 k|>0 


(3.29) 


in these coordinates, while the Cartan forms restricted to £°° are written 
down as 

n 

= duf-^ u ii dx i - D 'j(f r ) dt■ (3-30) 

1=1 


Let 7r: E —> M be a vector bundle and S C J k \i r) be a formally integrablc 
equation. 


Definition 3.22. Let 9 G Then 

(1) The Cartan plane Cg = Ce(7r) C TgJ°°(n ) at 6 is the linear envelope of 
tangent planes to all manifolds j O0 ((p)(M), (p G T(7t), passing through 
9. 

(2) If 9 G £°°, then the intersection Cg(£) = Cg(7i)r}Tg£°° is called Cartan 
plane of £°° at 9. 

The correspondence 9 i—> Cg(n), 9 G J°°(7r) (respectively, 9 Cg(£°°), 

9 G £°°) is called the Cartan distribution on J°°(7r) (respectively, on £°°). 

Proposition 3.15. For any vector bundle ti: E —> M and a formally in- 
tegrable equation £ C J k ( tt) one has: 

(1) The Cartan plane Cg{ tt) is n-dimensional at any point 9 G J°°( tt). 

(2) Any point 9 G £°° is generic, i.e., Cgfn) C T e £°° and thus one has 
Cg(£°°)=Cg( 7T). 

(3) Both distributions, C(tt) and C(£°°), are integrable. 

Proof. Let 9 G J°°(7r) and 7Too( 9) = x G M. Then the point 9 completely 
determines all partial derivatives of any section tp G Ti oc (7t) such that its 
graph passes through 9. Consequently, all such graphs have a common 
tangent plane at this point, which coincides with This proves the 

first statement. 

To prove the second one, recall Remark 3.4 on the preceding page: locally, 
any vector field Di is tangent to £°°. But as it follows from (3.20) on page 46, 
i Di^t = 0 for any Di and for any Cartan form Hence, linear independent 
vector fields D i, , D n locally lie both in C( tt) and in C(£°°) which gives 
the result. 
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Finally, as it follows from the above said, the module 

CD(vr) = {X e D(tt) | X lies in C{ tt) } (3.31) 

is locally generated by the fields Di,...,D n . But it is easily seen that 
[D a ,Dp\ = 0 for all a, (3 = 1 and consequently [CD(n),CD(n)\ C 

CD(tt). The same reasoning is valid for 

CD(£) = { X G D(£°°) | X lies in C(£°° ) }. (3.32) 

This completes the proof of the proposition. □ 

Proposition 3.16. Maximal integral manifolds of the Cartan distribution 
C( 7r) are graph of infinite jets of sections joo(p), <p G Ti oc (7t). 

Proof. Note first that graphs of infinite jets are integral manifolds of the 
Cartan distribution of maximal dimension (equaling to n) and that any 
integral manifold projects to J k (n) and M without singularities. 

Let now N C J°°(n) be an integral manifold and N k = C J k (i r), 

N' = TTooN C M. Hence, there exists a diffeomorphism ip': N' —> N° such 
that no (p' — idjv'- Then by the Whitney theorem on extension for smooth 
functions (see [38]), there exists a local section tp: M —> E satisfying (p\ N > — 
ip' and j k ('p)(M) D N k for all k > 0. Consequently, j 00 ((p)(M) D N. □ 

Corollary 3.17. Maximal integral manifolds of the Cartan distribution on 
£°° coincide locally with graphs of infinite jets of solutions. 

Consider a point 6 G J°°( n) and let x = n^ifi) e M be its projec¬ 
tion to M. Let v be a tangent vector to M at the point x. Then, since 
the Cartan plane Cg isomorphically projects to T X M , there exists a unique 
tangent vector Cv G TgJ°°{n ) such that {noo)*(Cv) = v. Hence, for any 
vector field X G D (M) we can define a vector field CX G D(7t) by setting 
(CX)g = C(X 7rao rg^). Then, by construction, the field CX is projected by 
(tTqo)* to X while the correspondence C: D(M) —> D(7t) is a C' 0O (M)-linear 
one. In other words, this correspondence is a linear connection in the bundle 
7Too : J°°(n) — > M. 

Definition 3.23. The connection C: D(M) —> D(7t) defined above is called 
the Cartan connection in J°°(7r). 

For any formally integrable equation, the Cartan connection is obviously 
restricted to the bundle n^: £°° —> M and we preserve the same notation 
C for this restriction. 

Let (xi,..., x n ,..., u J a ,...) be a special coordinate system in J°°( n) and 
X = X\d/dx\ + • • ■ + X n d/dx n be a vector field on M represented in this 
coordinate system. Then the field CX is to be of the form CX = X + X v , 
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where X v = JA a Xfd/duf is a 7roo-vertical field. The defining conditions 
i cx^l = 0, where oof are the Cartan forms on J°°(7r), imply 


cx = Y,Xi 

i =1 



i= 1 


(3.33) 


In particular, C{d/dxi) = D,, i.e., total derivatives are the liftings to J°°(n) 
of the corresponding partial derivatives by the Cartan connection. 

Let now V be a vector field on £°° and 9 G £°° be a point. Then the 
vector Vg can be projected parallel to the Cartan plane Cg to the fiber of the 
projection : £°° — > M passing through 6. Thus we get a vertical vector 
field V v . Hence, for any / G F(£) a differential one-form Uc{f) G A x (£) is 
defined by 


i v(U c (f)) = V v (f), V G D(5). (3.34) 


The correspondence / i—> Uc(f) is a derivation of the algebra T{£) with 
the values in the jC(£)-module A 1 ^), i.e., Uc(fg) = fUc(g) + gUc(f) for 
all f,geF(£). 

Definition 3.24. The derivation Uq '■ X(£) —> A 1 ^) is called the structural 
element of the equation £. 


In the case £°° = the structural element Uc is locally represented 

in the form 

U c = ^uji® (3.35) 

a 

where uf are the Cartan forms on J°°( n). To obtain the expression in the 
general case, one needs to rewrite (3.35) in local coordinates. 

The following result is a consequence of definitions: 


Proposition 3.18. For any vector field X G D(M) the equality 

jM*{CX{f)) = X{jM*{f)), T e T 1 oc (tt), (3.36) 

takes place. Equality (3.36) uniquely determines the Cartan connection in 
J°°( tt). 

Corollary 3.19. The Cartan connection in £°° is flat, i.e., C[X,Y] = 
[CX, CY] for any X, Y G D(M). 

Proof. Consider the case £°° = J°°(7r). Then from Proposition 3.18 we have 


jM’(C[x,Y]U)) = lx,Y]UM"(f)) 

= xvoutnm - y(xumv))) 
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for any (p G ri oc (7r), / G T{i r). On the other hand, 

j^)*([CA,CY](/)) =joo(<py(CX(CY(f)) -CY(CX(f))) 

= x(joo(<pnY(f))) - Y( 3oo (<pncx(f))) 

= ))) - Y{XUMV))). 

To prove the statement for an arbitrary formally integrable equation £. it 
suffices to note that the Cartan connection in £°° is obtained by restricting 
the fields CX to infinite prolongation of £. □ 

The construction of Proposition 3.18 on the preceding page can be gen¬ 
eralized. Let 7r: E —» M be a vector bundle and £ 1 : E\ —> M, £ 2 : E 2 —> M 
be another two vector bundles. 

Definition 3.25. Let A: T(^i) —> T(£ 2 ) be a linear differential operator. 
The lifting C A: —> JF(7t,£ 2 ) of the operator A is defined by 

jM*(CA(f)) = A UMV)), (3-37) 

where <p G Tioc(tJ'), / G (tt, ^ 1 ) are arbitrary sections. 

Proposition 3.20. Let ix\ E —■» M, : Fj —> M, i = 1,2,3, 6e vector 
bundles. Then 

(1) For any C°° (M)-linear differential operator A: T(£i) —> r(£ 2 ), the 
operator CX is an T ( 75 )-linear differential operator of the same order. 

(2) For any A, □: T(£i) —>► r(£ 2 ) and f,g G JF(7t), one has 

C{fX + gU)= fCX + gCU. 

(3) For Ai: T(£i) —> T(£ 2 ) and X 2 : r(£ 2 ) —> r(£ 3 ), one has 

C(A 2 o Ai) = CA 2 o CAi. 

From this proposition and from Proposition 3.18 on the facing page it 
follows that if A is a scalar differential operator —> C°°(M) locally 

represented as A = Y a a a d^/dx a , a a G then CX = Ya a crD<j in 

the corresponding special coordinates. If A = ||Ajj|| is a matrix operator, 
then CX = ||CAy||. Obviously, CX may be understood as a constant dif¬ 
ferential operator acting from sections of the bundle n to linear differential 
operators from T(£i) to r(£ 2 ). This observation is generalized as follows. 

Definition 3.26. An jF(7r)-linear differential operator A acting from the 
module to Fiji, £ 2 ) is called a C-differential operator, if it admits 

restriction to graphs of infinite jets, i.e., if for any section p G r(vr) there 
exists an operator A^,: T(£i) —>► r(£ 2 ) such that 

joo((p)*{X(f)) = XftjMftf)) 


for all / G 


(3.38) 
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Thus, C-differential operators are nonlinear differential operators taking 
their values in -modules of linear differential operators. 

Exercise 3.2. Consider a C-differential operator A: dF{i r,—> dF{i \,£ 2 )- 
Prove that if A(n*(f)) = 0 for all / G r(£i), then A = 0. 

Proposition 3.21. Let n, £i, and f 2 be vector bundles over M. Then any 
C-differential operator A: J r ( 7r,£ 1 ) —> £ 2 ) can be presented in the form 

A = J2 a a a CA a , a a G T{i r), where A a are linear differential operators 
acting from r(£i) to r(£ 2 ). 

Proof. Recall that we consider the hltered theory; in particular, there exists 
an integer / such that A(^(7r, £ 1 )) C J~k+i(it, £, 2 ) for all k. Consequently, 
since T(£i) is embedded into tt, £ 1 ), we have A(r(£i)) C Till r, ff) and the 
restriction A = A |r(^i) is a C' 00 (M)-differential operator taking its values 
in^(7r,^ 2 ). 

On the other hand, the operator A is represented in the form A = 
E a flaA a , a a G Afir), with A a : T(£i) —> r(£ 2 ) being C°°(M)-\meax dif¬ 
ferential operators. Dehne CA = Jf a a a CA a . Then the difference A — CA 
is a C -differential operator such that its restriction to T(£i) vanishes. There¬ 
fore, by Exercise 3.2 A = CA. □ 

Corollary 3.22. C-differential operators admit restrictions to infinite pro¬ 
longations: if A: JP(7r,£ 1 ) —> JP(7T,£ 2 ) is a C-differential operator and 
£ C J k {i r) is a k-th order equation, then there exists a linear differen¬ 
tial operator AJ-(£,£ 1 ) —>► JP(£,£ 2 ) such that e* o A = As o e*, where 
£ : £°° J°°(7r) is the natural embedding. 

Proof. The result immediately follows from Remark 3.4 on page 55 and from 
Proposition 3.21. □ 

Example 3.10. Let £1 = r*, £2 = t* + 1 , where /\ P T*M —> M (see 
Example 3.2 on page 38), and A — d: A 1 {M) —»• A* +1 (M) be the de Rham 
differential. Then we obtain the first-order operator d — Cd: A*(7t) —» 
A i+1 (7r), where A p (7t) denotes the module r*). Due Corollary 3.22 the 
operators d: A l {£) —>► A l+1 (£) are also defined, where A p (£) = dF(£,r*). 

Definition 3.27. Let £ C J k { it) be an equation. 

(1) Elements of the module A*(£) are called horizontal i-forms on the 
infinite prolongation £°°. 

(2) The operator d: A l (£) —> A* +1 (£) is called the horizontal de Rham 
differential on £°°. 

From Proposition 3.20 (3) on the preceding page it follows that d o d = 0. 
The sequence 

0 -> F{£) 4 A 1 ^) -> A\£) 4 A i+ \£) -> ■ ■ ■ 
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is called the horizontal de Rham complex of the equation £. Its cohomology 
is called the horizontal de Rham cohomology of S and is denoted by H*(£ ) = 

©,>„#•(£)■ 

In local coordinates, horizontal forms of degree p on £°° are represented 
as io = A ••• A dx ip , where a h _ ip E T{£), while the 

horizontal de Rham differential acts as 

n 

d{u) = ^ Di(ai 1 ...i p )dx i Adxi 1 A---Adxi p . (3.39) 

i =1 ii<—<i p 

In particular, we see that both A*(£) and H l {£) vanish for i > dimM. 

Consider the algebra A*(£) of all differential forms on £°° and note that 
one has the embedding A*(£) c —» A* (5). Let us extend the horizontal de 
Rham differential to this algebra as follows: 

d(du) = -d(d(u)), d(co A 9) = d(u) A Q + {-Ifu A d{9) u E A p {£). 

Obviously, these conditions define the differential d: A l {£) —»• A* +1 (£) and 
its restriction to A*(£) coincides with the horizontal de Rham differential. 

Let us also set dc = d — d: A*(£) —> A*(£) and call dc the Cartan (or 
vertical ) differential on £°°. Then from definitions we obtain 

d = d + dc , d o d = dc o dc = 0, dc ° d + Jo dc = 0, 

i.e., the pair (rf, dc) forms a bicomplex in A*(£) with the total differential d. 
It is called the variational bicomplex and will be discussed in more details 
in Section 7. 

Denote by Ch}{£) the Cartan submodule in A 1 (£), i.e., the module of 1- 
forrns vanishing on the Cartan distribution on £°° (cf. with Definition 3.12 
on page 46). Then the splitting d — d + dc implies the direct sum decom¬ 
position 

A 1 ^) =A 1 (£)©CA 1 (£), 

which gives 


A‘(f) = © A«(£) 8 „ e) C»A(£), (3.40) 

p+q=i 


where C p A(£) = CA l {£) A • • • A CA 1 ^). 

'---" 

p times 

To conclude this section, we shall write down the coordinate represen¬ 
tation for the Cartan differential dc and the extended differential d. First 
note that by definition and due to representation (3.39), one has 


Mf) = E 




df_ 

dui 


rUi 


f € ^(vr). 


(3.41) 
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In particular, dc takes coordinate functions uf to the corresponding Cartan 
forms. This is reason why we called dc the Cartan differential on £°°. It is 
easily seen that dc \r{£) = Uc(£) (see Definition 3.24 on page 58). To finish 
computations, it suffices to compute dfcof): 

d( &Z) = ddciK ) = -d c d{u 3 a ) 

and thus 

n 

dH) = -^2^<ri A dxi. (3.42) 

i= 1 

Note that from the results obtained it follows that 

d(A q (£)®C p A(£)) c A q+1 (£) ®C P A(£), 
d c {A q (£) ® C p A(£)) c A q (£) ® C p+l A{£). 

Now let us define the module of horizontal jets. Let £ be a vector bundle 
over M. Say that two elements of P = F(£,£) are horizontally equivalent 
up to order k < oo at point 9 e £°°, if their total derivatives up to order k 
coincide at 9. The horizontal jet space Jg{P) is P modulo this relation, and 
the collection J k (P) = U ee£°° Jo(P) constitutes the horizontal jet bundle 
J k (P) —> £°°. We denote the module of sections of horizontal jet bundle by 

J\P). 

As with the usual jet bundles, there exist the natural C-differential oper¬ 
ators 

j k :P^J k (P), 

and the natural projections J k {P ) —> J l {P ) such that v k j o j k — j t . 
The operators jk and Vk,i are restrictions of the operators Cjk and Cn* k t to 
£°°. 

C-differential operators, horizontal forms and jets constitute a “subthe¬ 
ory” in the differential calculus on an infinitely prolonged equation. It is, 
roughly speaking, “the total derivatives calculus” and is called C-differen¬ 
tial calculus. It is easily shown that all components of usual calculus and 
the Lagrangian formalism discussed above have their counterparts in the 
framework of C-differential calculus. All constructions of Sections 1 and 2 
are carried over into C-differential calculus word for word as long as the 
operators, jets, and forms in them are assumed respectively C-differential 
and horizontal. 

3.9. Higher symmetries. Let n: E —> M be a vector bundle and £ C 
J k (7 r) be a differential equation. We shall still assume £ to be formally 
integrable, though it not restrictive in this context. 

Consider a symmetry F : J k ( tt) J k (n) of the equation £ and let 

9 k+ 1 be a point of the first prolongation £ l such that nk+i,k(Qk+i) — 6k £ 
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£. Then the R-plane Lg k+1 is taken to the A-plane F*(Lg k+1 ), since F 
is a Lie transformation, and F*(Lg k ) C Tp( 0 k ), since F is a symmetry. 
Consequently, the lifting F ^ : J fc+1 (7r) —> J k+1 (n) is a symmetry of S 1 . By 
the same reasons, is a symmetry of the Z-th prolongation of £. From 
here it also follows that for any infinitesimal symmetry A of the equation 
£, its Z-th lifting is is a symmetry of £ l as well. 

Proposition 3.23. Symmetries of a formally integrable equation £ C 
J k {ji) coincide with symmetries of any prolongation of this equation. The 
same is valid for infinitesimal symmetries. 

Proof. We showed already that to any (infinitesimal) symmetry of £ there 
corresponds an (infinitesimal) symmetry of £ l . Consider an (infinitesimal) 
symmetry of £ l . By Theorems 3.12 on page 50 and 3.13 on page 52, it is 
Tfc+^fc-fiberwise and therefore generates an (infinitesimal) symmetry of the 
equation £. □ 

The result proved means that a symmetry of £ generates a symmetry of 
£°° which preserves every prolongation of finite order. A natural step to 
generalize the concept of symmetry is to consider “all symmetries” of £°°. 
Recall the notation 

CD(tt) = {A G D(tt) | X lies in C{ n) } 

(cf. with (3.23) on page 51). 

Definition 3.28. Let n be a vector bundle. A vector field X G D(7 t) is 
called a symmetry of the Cartan distribution C(n) on J°°(7r), if [A", CD(7 t)] C 
CD(tt). 

Thus, the set of symmetries coincides with Dc(7t) (see (3.24) on page 51) 
and forms a Lie algebra over R and a module over F(n). Note that since 
the Cartan distribution on J°°( tt) is integrable, one has CD(7 t) C Dc(7t) 
and, moreover, C D(7 t) is an ideal in the Lie algebra Dc(7t). 

Note also that symmetries belonging to CD(7 t) are tangent to any integral 
manifold of the Cartan distribution. By this reason, we call such symmetries 
trivial. Respectively, the elements of the quotient Lie algebra 

sym(7r) = Dc(7t)/CD(7t) 

are called nontrivial symmetries of the Cartan distribution on 

Let now £°° be the infinite prolongation of an equation £ C J k (n). Then, 
since CD(7 t) is spanned by the fields of the form CY, where Y G D(M) 
(see Remark 3.4 on page 55), any vector field from CD(7 t) is tangent to 
£°°. Consequently, either all elements of the coset [A] = X modCD(7r), 
X G D (tt ), are tangent to £°° or neither of them do. In the first case we 
say that the coset [A] is tangent to £°°. 
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Definition 3.29. An element [A"] = X modCD(7r), X e D(7r), is called a 
higher symmetry of 8, if it is tangent to £°°. 

The set of all higher symmetries forms a Lie algebra over M and is denoted 
by sym(£). We shall usually omit the adjective higher in the sequel. 

Consider a vector field X e D(7 t). Then, substituting X into the struc¬ 
tural element Uc (see (3.35) on page 58), we obtain a field X v e D(7 t). The 
correspondence Uc'- X X v = i xUc possesses the following properties: 

(1) The field X v is vertical, i.e., X V (C°°(M )) = 0. 

(2) X v = X for any vertical field. 

(3) X v = 0 if and only if the field X lies in CT>{ji). 

Therefore, we obtain the direct sum decomposition of J-(n )-modules 

D(tt) = D v (7t) © CD(7t), 

where D v (7t) denotes the Lie algebra of vertical fields. A direct corollary of 
these properties is the following result. 

Proposition 3.24. For any coset [X] e sym(£) there exists a unique ver¬ 
tical representative and thus 

sym (£) = {X e D w (£) | [X, CD(£)] C CD(£) }, (3.43) 

where CD(£) is spanned by the fields CY, Y e D (M). 

Lemma 3.25. Let X e sym(7r) be a vertical vector field. Then it is com¬ 
pletely determined by its restriction to Xfin) C X(n). 

Proof. Let X satisfy the conditions of the lemma and Y e D (M). Then for 
any / 6 C°°(M ) one has 

[X,CY](f) = X (CY(f)) - CY(X(f)) = X(Y(J)) = 0 

and hence the commutator [X, CY] is a vertical vector field. On the other 
hand, [A l,CY] e CD(7 t) because CD(7 t) is a Lie algebra ideal. Consequently, 
[A, CY] = 0. Note now that in special coordinates we have Dfiufi) = u 3 ai 
for all a and j. From the above said it follows that 

AVJ = AC X(K)). (3.44) 

But a vertical derivation is determined by its values at the coordinate func¬ 
tions vfi. □ 

Let now X 0 : JFo(vr) —> be a derivation. Then equalities (3.44) al¬ 

low one to reconstruct locally a vertical derivation X e D(7 t) satisfying 
X |jr 0 ( 7 r) = X 0 . Obviously, the derivation X lies in sym(7r) over the neigh¬ 
borhood under consideration. Consider two neighborhoods Ui^U -2 C J°°(n) 
with the corresponding special coordinates in each of them and two symme¬ 
tries X 1 e sym(7r | Ui), i = 1,2, arising by the described procedure. But the 



65 


restrictions of A" 1 and X 2 to Xofn\u 1 r\U 2 ) coincide. Hence, by Lemma 3.25 
on the preceding page, the held X 1 coincides with X' 2 over the intersection 
U\ CU 2 . Hence, the reconstruction procedure X 0 i—> X is a global one. So we 
have established a one-to-one correspondence between elements of sym(7r) 
and derivations Xq{ji) —> 

Note now that dne to vector bundle structure in 7r: E — > M, derivations 
Eo(ti) —> A’(vr) are identified with sections of 7r^(7r), or with elements of 
X(n,n). 


Theorem 3.26. Let n: E —> M be a vector bundle. Then: 


(1) The X(n)-module sym(7r) is in one-to-one correspondence with ele¬ 
ments of the module X{i r, 7r). 

(2) In special coordinates the correspondence X(n,7r) —> sym(7r) is ex¬ 
pressed by the formula 7 


P 9^ = 




d 

duV 


(3.45) 


where p = (p 1 ,..., p m ) is the component-wise representation of the 
section p G Xfn, 7r). 


Proof. The hrst part of the theorem has already been proved. To prove the 
second one, it suffices to use equality (3.44) on the preceding page. □ 


Definition 3.30. Let 7 r: E —> M be a vector bundle. 

(1) The field 9^, of the form (3.45) is called an evolutionary vector field 
on J°°(7r). 

(2) The section p £ X(tt, 7 r) is called the generating function of the field 

Remark 3.5. Let (: N —» M be an arbitrary smooth fiber bundle and 
f: P —> M be a vector bundle. Then it easy to show that any (- 
vertical vector field X on N can be uniquely lifted up to an M-linear map 

xt-. r(C‘(0) -* r(c*K)) such that 

xHf<l>) = X(f)<l, + fXt(i,), / e c°°(JV), ^er(CK)). (3.46) 

In particular, taking for (, for any evolutionary vector field 9^ we obtain 
the family of maps 9|: X{ji,f) —> X{ji, f) satisfying (3.46). 

Consider the map 9£: X(7T,n) —> X(n, 7r) and recall the element p 0 G 
Xj (77,7 r) C JC(7r, 7 T) (see Example 3.1 on page 38). It can be easily seen that 

0>o) = V (3.47) 

7 To denote evolutionary vector fields (see Definition 3.30), we use the Cyrillic letter 
9, which is pronounced like “e” in “ten”. 
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which can be taken for the definition of the generating section. 

Let 0^, 0^i be two evolutionary vector fields. Then, since sym(7r) is a 
Lie algebra and by Theorem 3.26 on the page before, there exists a unique 
section {<p,0} satisfying [0^, 0q] = 0{^}- 

Definition 3.31. The section {p, 0} e JF(7 t, tt) is called the ( higher ) Jacobi 
bracket of the sections p, 0 E 

Proposition 3.27. Let ^,^6 ^(tt, 7t) be two sections. Then: 

(1) {<p,0} = 0£(0) - 0£(^). 

(2) In special coordinates, the Jacobi bracket of p and 0 is expressed by 
the formula 

= (3.48) 

a,a ' G G ' 

where superscript j denotes the j-th component of the corresponding 
section. 


Proof. To prove (1), let us use (3.47) on the preceding page: 

WA} = 0{^ } (po) = %(%(po)) - B;(9>o)) = 0J(0) - 

The second statement follows from the first one and from equality (3.45) on 
the page before. □ 


Consider now a nonlinear operator A: T(7 t) —* T(£) and let 0 a € J-(n,f) 
be the corresponding section. Then for any p E JF(7r,7r) the section 
9$ (0a) G f) is defined and we can set 

i A (p) = 0 £( 0 a )- (3.49) 

Definition 3.32. The operator I A : —■> lF(iT,f) defined by (3.49) is 

called the universal linearization operator 8 of the operator A: T(7 t) —>• T(£). 


From the definition and equality (3.45) on the page before we obtain that 
for a scalar differential operator 

d\°\pj 


A: p ^ F(x 1 , ...,x n , 


dx n 


one has i A = (f0 ,..., £™), m = dim7r, where 

A 2^ Q u a 

(7 

If dim f — r > 1 and A = (A 1? ..., A r ), then 


pP 

A" 


, a — 1,... ,m, (3 — 1,..., r. 


(3.50) 


(3.51) 


Cf. with the algebraic definition on page 34. 
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In particular, we see that the following statement is valid. 

Proposition 3.28. For any differential operator A, its universal lineariza¬ 
tion is a C-differential operator. 

Now we can describe the algebra sym(£), S C J fc (7r) being a formally 
integrable equation. Let I{£) C IF{ tt) be the ideal of the equation £ (see 
page 55). Then, by definition, is a symmetry of £ if and only if 


9„(/(£)) C I(£). (3.52) 

Assume now that £ is given by a differential operator A: T(7 t) —> T(£) and 
locally is described by the system of equations F 1 = 0,..., F r = 0, G 
7 r). Then the functions F 1 ,... ,F r are differential generators of the ideal 
I(£) and condition (3.52) may be rewritten as 

j = 1,... pm, <G^( tt). (3.53) 

Q;,(T 

Using of (3.49) on the preceding page, the last equation acquires the form 9 
MP) = X>^ D A pa ), J = a“ G IF{tt). (3.54) 

a,cr 


But by Proposition 3.28, the universal linearization is a C- differential op¬ 
erator and consequently can be restricted to £°° (see Corollary 3.22 on 
page 60). It means that we can rewrite (3.54) as 

If* |f°o (<£ | £ oo) = 0, j = l,...,m. (3.55) 

Combining these equations with (3.50) and (3.51) on the preceding page, 
we obtain the following fundamental result: 

Theorem 3.29. Let £ C J k ( tt) be a formally integrable equation and A = 
A^: T(7t) —> T(£) be the operator corresponding to £. Then an evolutionary 
vector field 3 ^, p G JP(7r, 7 t) is a symmetry of £ if and only if 

kifp) = 0, (3.56) 

where and (p denote restrictions of and tp on £°° respectively. In other 
words, sym(£) = ker . 

Exercise 3.3. Show that classical symmetries (see Subsection 3.6) are em¬ 
bedded in syrri £ as a Lie subalgebra. Describe their generating functions. 

Remark 3.6. From the result obtained it follows that higher symmetries 
of £ can be identified with elements of JF(£,7 t) satisfying equation (3.56). 
Below we shall say that a section p> G T{£, n) is a symmetry of £ keeping 

9 We use the notation tp, F £ F(w,^), as a synonym for £a, where A: T(7r) —* T(C is 
the operator corresponding to the section F. 
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in mind this identification. Note that due to the fact that sym(£) is a 
Lie algebra, for any two symmetries p, if G JF(£,7t) their Jacobi bracket 
{p, if}s G TIE, 7 r) is well defined and is a symmetry as well. If no confusion 
arises, we shall omit the subscript £ in the notation of the Jacobi bracket. 

Finally, we give a useful description of the modules T) v {£) and C k A(£). 
Denote x = T{£, n). 

First consider the case £°° = J°°(7r). From the coordinate expres¬ 
sion (3.45) on page 65 for an evolutionary vector field it immediately follows 
that any vertical tangent vector at point 6 G J°°(7r) can be realized in the 
form for some if. This shows that the map f 1 — > yields the canon¬ 

ical isomorphism 

D» = j°°(x). 

The dual isomorphism reads 

C 1 A(tt) = CDiff(x, T). 

In coordinates, this isomorphism takes the form uf to the operator 

(0,.,., 0, D a , 0,..., 0), 

with D a on j'-tli place. 

It is clear that the Cartan /e-forms can be identified with multilinear 
skew-symmetric C-differential operators in k arguments: 

C p A(vr) =CDiff^(x,^). 

Now consider the general case. Suppose that the equation £ is given by 
an operator A: r(7r) —> T(£). Denote P = T (£,£), so that is', x —>• P. 
From (3.55) on the preceding page we get 

Proposition 3.30. (1) The module D u (£) is isomorphic to the kernel of 

the homomorphism if{ff : jf°°(x) —■> J°°{P ); 

(2) the module C p A(£) is isomorphic to CDiff^* (x, T) modulo the sub- 
module consisting of the operators of the form. V o i £t where V G 
CDiff(P,CDiffg t _ 1) (x,^)). 
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4. Coverings and nonlocal symmetries 

The facts exposed in this section constitute a formal base to introduce 
nonlocal variables to the differential setting, i.e., variables of the type f p dx, 
p being a function on an infinitely prolonged equation. A detailed exposition 
of this material can be found in [33] and [34], 

4.1. Coverings. We start with fixing up the setting. To do it, extend 
the universum of infinitely prolonged equations in the following way. Let 
A/" be a chain of smooth maps • • • —> N l+1 - - — N l —> • • •, where 
N l are smooth finite-dimensional manifolds. Define the algebra IF(N) 
of smooth functions on A/" as the direct limit of the homomorphisms 

T* 

•••—»• C°°(N l ) 1+1,t > C°°(N l+1 ) —*••••. Then there exist natural homomor¬ 
phisms r£ oi : C°°(N l ) —> and the algebra T (A/") may be considered 

to be hltered by the images of these maps. Let us consider calculus (see 
Section 1) over IF{M) agreed with this filtration. Define the category Inf 
as follows: 

(1) The objects of Inf are the above introduced chains A/" endowed with 
integrable distributions V V C D(A’(A/")), where the word “integrable” 
means that [Djp, ^m] C Py. 

(2) If J\fi = {N[, T i 1 +l! j}, Af -2 = {N^ T i+i,i} are two objects of Inf, then a 

morphism p: Afi —>■ A /2 is a system of smooth maps p t : N[ +a —> N\, 
where a G Z is independent of i, satisfying 7f +1 = (piorf +0 , +l i+a 

and such that <p* t e(VWi,e) C Hy 2]i ,(o) for any point 6 e 

Definition 4.1. A morphism p: A/"i —s► A /2 is called a covering in the cat¬ 
egory Inf, if ip^Q 6 : Vjg u0 —»• is an isomorphism for any point 

0 e A/j. 

In particular, manifolds J°°(7r) and £°° endowed with the corresponding 
Cartan distributions are objects of Inf and we can consider coverings over 
these objects. 

Example 4.1. Let A: T(7 t) —> T(7 r / ) be a differential operator of order < k. 
Then the system of maps <h^ : J l+l {n) —>• J l {i r') (see the proof of Lemma 3.3 
on page 38) is a morphism of J°°( n) to Linder unrestrictive condi¬ 

tions of regularity, its image is of the form S°° for some equation £ in the 
bundle n' while the map J°°( 71 ) —> £°° is a covering. 

Definition 4.2. Let <p': J\f' —> J\f and (p": J\f" —>• J\f be two coverings. 

(1) A morphism ip: J\f —»• M" is said to be a morphism of coverings, if 

ip 1 = ip" O Ip. 

(2) The coverings ip', p" are called equivalent, if there exists a morphism 
ip: J\f —> J\f" which is a diffeomorphism. 
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Definition 4.3. A covering p : Af — > Af is called linear, if 

(1) p is a linear bundle; 

(2) any element X G T>(Af) preserves the submodule of fiber-wise linear 
(with respect to the projection p) functions in T(Af ). 

Let Af be an object of Inf and W be a smooth manifold. Consider the 
projection t w : Af x W —> Af to the first factor. Then we can make a 
covering of Tw by lifting the distribution T>jp to Af x W in a trivial way. 

Definition 4.4. A covering r: Af' —> Af is called trivial, if it is equivalent 
to the covering Tw for some W. 

Let again p': Af' —> Af, p": Af" —> Af be two coverings. Consider the 
commutative diagram 

Af' XjpAf" Af" 

A* A") 

Af' Af 

where 

Af' x m A f" = { ( 9', 9") G Af' x Af" | p\9') = p"(9") } 

while ip'*(p"), p"*(p') are natural projections. The manifold Af' x^r Af" is 
supplied with a natural structure of an object of Inf and the maps (p')*(p"), 
(tp")*((p') become coverings. 

Definition 4.5. The composition 

ip' Xtf ip" — ip' o ip'* (tp") = p" o p"*(p '): Af X^f Af" —»Af 

is called the Whitney product of the coverings p' and p". 

Definition 4.6. A covering is said to be reducible, if it is equivalent to a 
covering of the form p t, where r is a trivial covering. Otherwise it is 
called irreducible. 

From now on, all coverings under consideration will be assumed to be 
smooth fiber bundles. The fiber dimension is called the dimension of the 
covering p under consideration and is denoted by dim p. 

Proposition 4.1. Let £ C J k ( tt) be an equation in the bundle i t: E ^ M 
and p: Af —> £°° be a smooth fiber bundle. Then the following statements 
are equivalent: 

(1) The bundle p is equipped with a structure of a covering. 

(2) There exists a connection C v in the bundle Tr^op: Af —> M, C ?: X > 
X^, X G D (M), X v G D(Af), such that 

(a) [X^,Y V ] = [X,YY, i.e., C v is flat, and 
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(b) any vector field X* is projectible to £°° under p* and pfiX^) = 
CX, where C is the Cartan connection on £°°. 

The proof reduces to the check of definitions. 

Using this result, we shall now obtain coordinate description of coverings. 
Namely, let aq,..., x n , u 1 ,..., u m be local coordinates in J°( n) and assume 
that internal coordinates in £°° are chosen. Suppose also that over the 
neighborhood under consideration the bundle p: J\f —> £°° is trivial with the 
fiber W and w 1 , w 2 , ..., w s ,... are local coordinates in W. The functions 
■ud are called nonlocal coordinates in the covering p. The connection C v 
puts into correspondence to any partial derivative d/dxi the vector held 
C^id/dxi) = A . By Proposition 4.1 on the facing page, these vector fields 
are to be of the form 

A = A + X? = D i + J2 x * = 1, ■ ■ ■, n, (4.1) 

a 

where Di are restrictions of total derivatives to £°°, and satisfy the condi¬ 
tions 

[A, £>,] = [Di, Dj] + [Di, XJ] + [Xi, Dj] + [Xi, A'J] 

= [Di, Xf\ + [Xi, Dj] + [Xi, X]] = 0 

for all j = 1,..., n. 

We shall now prove a number of facts that simplify checking of triviality 
and equivalence of coverings. 

Proposition 4.2. Let p \: M\ —> £°° and p 2 : Af 2 —>► £°° be two coverings of 
the same dimension r < oo. They are equivalent if and only if there exists 
a submanifold X C Af± x^oo J\f 2 such that 

(1) codim X = r; 

(2) The restrictions p\(p 2 ) \x and p 2 (^ 1 ) |y are surjections. 

(3) (%„ ooAT 2 )e C TgX for any point 6 G X. 

Proof. In fact, if ip: Af± —> Af 2 is an equivalence, then its graph = 
{(y, ip(y)) | y e M\ } is the needed manifold X. Conversely, if X is a 
manifold satisfying (1)—(3), then the correspondence 

y !-»■ T*iM{(T*i{T 2 )y\y) m) 

is an equivalence. □ 

Submanifolds X satisfying assumption (3) of the previous proposition are 
called invariant. 

Proposition 4.3. Let p \: N\ —> £°° and p 2 \ N 2 —>► £°° be two irreducible 
coverings of the same dimension r < 00 . Assume that the Whitney prod¬ 
uct of pi and p 2 is reducible and there exists an invariant submanifold X 
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in M Xgoo M 2 of codimension r. Then p\ and P 2 are equivalent almost 
everywhere. 

Proof. Since pi,p 2 are irreducible, X is to be mapped surjectively almost 
everywhere by p\(p 2 ) and P 2 i.P 1 ) to Mi and M 2 respectively (otherwise, 
their images would be invariant submanifolds). Hence, the coverings are 
equivalent by Proposition 4.2 on the page before. □ 

Corollary 4.4. If p\ and P 2 are one-dimensional coverings over £°° and 
their Whitney product is reducible, then they are equivalent. 

Proposition 4.5. Let p: M —> £°° be a covering andU C £°° be a domain 
such that the the manifold U = p~ l {U) is represented in the form U x M r , 
r < 00 , while p\jj is the projection to the first factor. Then the covering p 
is locally irreducible if the system 

Df(f)=0,...,D*(f) = 0 (4.3) 

has only constant solutions. 

Proof. Suppose that there exists a solution / 7 ^ const of (4.3). Then, since 
the only solutions of the system 

D 1 (f) = 0,.. t ,D n (f) = 0, 

where Di is the restriction of the i-th total derivative to £°°, are constants, / 
depends on one nonlocal variable w a at least. Without loss of generality we 
may assume that df/dw l 7 ^ 0 in a neighborhood U' x V, U' C U, V C R r . 
Define the diffeomorphism {W C U) by setting 

^(- • •, x i, • • •, Pi, • • •, w °, •••) = (••■> x i, • • •, Pi, •••,/, w 2 ,..., w a ,...). 

Then = Di + Xfd/dw a and consequently p is reducible. 

Let now p be a reducible covering, i.e., p = p' x £00 r, where r is trivial. 
Then, if / is a smooth function on the total space of the covering r, the 
function f* = (r* (p')) (/) is a solution of (4.3). Obviously, there exists an 
/ such that f* const. □ 

4.2. Nonlocal symmetries and shadows. Let M be an object of Inf 
with the integrable distribution T> = Py. Define 

D c (A0 = { X E D(M) | [X, V] C V } 

and set sym M = Dx>(A/’) /'Djy. Obviously, D v{M) is a Lie M-algebra and V 
is its ideal. Elements of the Lie algebra sym M are called symmetries of the 
object M . 

Definition 4.7. Let p: M —> £°° be a covering. A nonlocal p-symmetry of 
£ is an element of sym M . The Lie algebra of such symmetries is denoted 
by sym^, £. 
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A base for computation of nonlocal symmetries is the following two re¬ 
sults. 


Theorem 4.6. Let tp: J\f —> £°° be a covering. The algebra sym ^£ is 
isomorphic to the Lie algebra of vector fields X on A f such that 


(1) X is vertical, i.e., X((p*(f)) = 0 for any function f G C°°(M) C 
jF(£); 

(2) [X,Df] = 0,i = l,...,n. 


Proof. Note that the first condition means that in coordinate representation 
the coefficients of the field X at all d/dxi vanish. Hence the intersection 
of the set of vertical fields with T> vanish. On the other hand, in any coset 
[X] G syrri^ £ there exists one and only one vertical element X v . In fact, 
let X be an arbitrary element of [Af]. Then X v = X — a t Df, where a* 
is the coefficient of X at d/dxi. □ 


Theorem 4.7. Let ip: J\f — £°° x M r —> £°° be the covering locally deter¬ 
mined by the fields 

D t =Di + X>"4b, * — X?^T(N), 

a=l 


where w 1 , w 2 ,... are coordinates in M r (nonlocal variables ). Then any non¬ 
local ip-symmetry of the equation £ = {F = 0} is of the form 


O — A 


a=l 


d 


dw c 


(4.4) 


where if = if 1 ,..., if m , a = (a 1 ,...,a r ), if 1 , a a G F(A f) are functions 
satisfying the conditions 


while 


l F idf) = 0 , 

Di(a a ) = %, a ( X ?) 


D*(if) 


3,a 


d 

dul 


(4.5) 

(4.6) 

(4.7) 


and £f is obtained from If by changing total derivatives D,j for Df. 


Proof. Let X G syrri^ £. Using Theorem 4.6, let us write down the field X 
in the form 


X 


d 




d 


<r,3 


a=l 


dw c 


(4.8) 
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where “prime” over the first sum means that the summation extends on 
internal coordinates in £°° only. Then, equaling to zero the coefficient at 
d/d in the commutator [X, Df], we obtain the following equations 


DM) 


bf t , if b J ai is an internal coordinate, 

X(u J ai ) otherwise. 


Solving these equations, we obtain that the first summand in (4.8) on the 
page before is of the form 9y, where if satisfies (4.5) on the preceding 
page. □ 


Comparing the result obtained with the description on local symmetries 
(see Theorem 3.29 on page 67), we see that in the nonlocal setting an 
additional obstruction arises represented by equation (4.6) on the preceding 
page. Thus, in general, not every solution of (4.5) corresponds to a nonlocal 
(^-symmetry. We call vector fields 3^ of the form (4.7), where if satisfies 
equation (4.5), </?- shadows . In the next subsection it will be shown that 
for any (^-shadow 3^ there exists a covering <p': J\f —> J\f and a nonlocal 
ip o (//-symmetry S such that (p*(S) = 0y. 

4.3. Reconstruction theorems. Let £ C J k (n) be a differential equation. 
Let us first establish relations between horizontal cohomology of £ (see 
Definition 3.27 on page 60) and coverings over £°°. All constructions below 
are realized in a local chart U C £°°. 

Consider a horizontal 1-form u = )T)™ =1 X t dxi e A 1 ^) and define on the 
space £°° x M the vector fields 

Df = Di + Xid/dw, Xi E X(£), (4.9) 

where w is a coordinate along M. By direct computations, one can easily 
see that the conditions [Df , Df] = 0 fulfill if and only if du = 0. Thus, 
(4.9) determines a covering structure in the bundle p : £°° xK-> £°° and 
this covering is denoted by ip w . It is also obvious that the covering p w and 
</A are equivalent if and only if the forms to and u/ are cohomologous, i.e., 
if cu — u' = df for some / G T(£). 

Let [oq],..., [ca“],... be an M-basis of the vector space H l {£). Let us 
define the covering cq^ : A l {£) —>■ £°° as the Whitney product of all tp Ua . It 
can be shown that the equivalence class of ago does not depend on the basis 
choice. Now, literary in the same manner as it was done in Definition 3.27 
on page 60 for £°°, we can define horizontal cohomology for A l {£) and 
construct the covering a 2 ,i : A 2 (£) —> ^4 X (£), etc. 

Definition 4.8. The inverse limit of the chain 

-* A k (£) A k ~\£) -^ A\£) ^ £ 


(4.10) 
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is called the universal Abelian covering of the equation £ and is denoted by 
a : A(£) -> £°°. 

Obviously, H\A{8)) = 0. 

Theorem 4.8 (see [21]). Let a : A{£) —> £°° be the universal Abelian cov¬ 
ering of the equation £ = {F = 0}. Then any a-shadow reconstructs 
up to a nonlocal a-symmetry, i.e., for any solution if = ('0 1 ,..., if m ), 
ij£ G F(A(£)), of the equation = 0 there exists a set of functions 

a = (a a ,i), where a a ^ G F(A{£)) such that 3^ )CL is a nonlocal a-symmetry. 

Proof. Let w^ a , j < k , be nonlocal variables in A k \£) and assume that 
the covering structure in a is determined by the vector fields Df = Di + 
a Xf a d/dw j ' a , where, by construction, Xf a G J r {A^~ 1 {£)), i.e., the 
functions Xf a do not depend on w k ' a for all k > j. 

Our aim is to prove that the system 

A"K«) = 3#,„(vy) (4.11) 

is solvable with respect to a = (a^ a ) for any if G ker i F . We do this by 
induction on j. Note that 

m . = £ (d?k«) - 

j ,a 

for any set of functions (a^ a ). Then for j = 1 one has [Df, 3^, a ](Xl’ a ) = 0, 
or 

af(N*(N“)) = 9 +,.(b.“( xp). 

since X k ' a are functions on £°°. 

But from the construction of the covering a one has Df(X k a ) = £)£( X]' 01 ), 
and we finally obtain 

£>“(9 # (A' t !'“)) = Dl(3 t (Xj •")). 

Note now that the equality H 1 (A(£)) = 0 implies existence of functions 
Oi iQ satisfying 

D?(a i, a ) = 3^X1'°), 
i.e., equation (4.11) is solvable for j = 1. 

Assume now that solvability of (4.11) was proved for j < s and the func¬ 
tions (oq ta ,... ,aj- i )Q ) are some solutions. Then, since [Df, 9^ >a ] \ — 

0, we obtain the needed a 3 a literally repeating the proof for the case 
3 = 1 - ’ □ 

Let now tp: Af —> £°° be an arbitrary covering. The next result shows 
that any ^-shadow is reconstructable. 
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Theorem 4.9 (see also [22]). For any ip-shadoui, i.e., for a solution if = 
(if 1 ,... ,if m ), ifi € X(Af), of the equation £f (if) = 0, there exists a covering 
<p^: Afq, Af £°° and a <pq,-symmetry S^, such that Sq,\s°o = 9^, |£°° . 


Proof. Let locally the covering ip be represented by the vector fields 


Df = D, 


+E- Y -“ 


d 




dw c 


r < oo being the dimension of ip. Consider the space M°° with the coordi¬ 
nates wf, a = 1 ,..., r, l = 0, 1 , 2, , iVg = w% and set A= Af x M°° 
with 


Df* = D. + V ( 3* + S w ) (A'“) 


l,a 


d 


dwf 


(4.12) 


where 



E w‘) 

a,k 


d 

dv/f J 


S w = 


E 

a, l 


d 


w, 


1+1 dwf 


(4.13) 


and “prime”, as before, denotes summation over internal coordinates. 
Set Sq, = + S w . Then 


[S*. Of*] = E § 


ip \ LL 


k _ 

ai) d ul 


d \ "v /^ „ \ l+1 d 


l,a 


E + s w ) (X, 


4 ' dw? 


d 


E - E (*. 

o-,fc ^ Z,a 


d 


1 J dw a 


E' (%m - dimF 9 

cr,k 


d u k 


= 0. 


Here, by definition, u k ai = Df(u k ) |^. 

Now, using the above proved equality, one has 


[Dp,Dp ] = ^ (dJ*(§* + S„)'(X“) - £>f (3„ + S w )‘( AT)) X. 

= E (N + S„)\D?*(X?) - Df*(X?))fL = 0 , 

l,a 1 

since (Xf) - Dj*(X ?) = (X“) - £>J(Xf) =0. □ 

Let now ip: Af —* £°° be a covering and ip': Af —> Af £°° be another 

one. Then, by obvious reasons, any (^-shadow if is a ^/-shadow as well. 
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Applying the construction of Theorem 4.9 to both p and ip 1 , we obtain two 
coverings, and p'^ respectively. 

Lemma 4.10. The following commutative diagram of coverings 

K —* v* 


H' -> N -> £“ 

takes place. Moreover, if and S^, are nonlocal symmetries corresponding 
in J\f,j, and Mf constructed by Theorem 4.9 on the preceding page, then 

InA/yO = *V 

Proof. It suffices to compare expressions (4.12) and (4.13) on the facing 
page for the coverings A/y and Mf. □ 

As a corollary of Theorem 4.9 and of the previous lemma, we obtain the 
following result. 

Theorem 4.11. Let p>: J\f —> £°°, £ = { F = 0 }, be an arbitrary covering 
and ifi ,..., if s G J-(M), be solutions of the equation £f(^) = 0. Then there 
exists a covering pm : Mm —> M £°° and pm -symmetries S ,^,..., S^ s , 
such that Sy> s \s c ° —■ 3^ |£°° , i — 1, • . •, s. 


Proof. Consider the section ifi and the covering p ^: Mp x —b- M M £°° 
together with the symmetry S 1 p 1 constructed in Theorem 4.9 on the pre¬ 
ceding page. Then if 2 is a (^-shadow and we can construct the covering 

2 : -M/>i,y 2 LP - 4 ’ lA M Mfa £°° with the symmetry S^ 2 . Applying this 
procedure step by step, we obtain the series of coverings 




Vif if s-1 








with the symmetries S,^, ..., S,i, s . But if i is a .^-shadow and we can 
construct the covering p ^: M^ A/y lr ..^ s —» £°° with the symmetry 

satisfying T{N,i n ) — Syi (see Lemma 4.10), etc. Passing to the inverse 
limit, we obtain the covering Mm we need. □ 
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5. Frolicher-Nijenhuis brackets and recursion operators 

We return back to the general algebraic setting of Section 1 and extend 
standard constructions of calculus to form-valued derivations. It allows us 
to define Frolicher-Nijenhuis brackets and introduce a cohomology theory 
(C-cohomologies) associated to commutative algebras with flat connections. 
Applying this theory to partial differential equations, we obtain an algebraic 
description of recursion operators for symmetries and describe efficient tools 
to compute these operators. For technical details, examples and generaliza¬ 
tions and we refer the reader to the papers [24, 28, 27] and [29, 31, 30]. 

In Subsection 6.4, C-cohomologies will be discussed again in the general 
framework of horizontal cohomologies with coefficients. 

5.1. Calculus in form-valued derivations. Let k be a held of charac¬ 
teristic zero and A be a commutative unitary k-algebra. Let us recall the 
basic notations from Section 1: 

• D (P) is the module of P-valued derivations A —> P, where P is an 
A-module; 

• Dj(P) is the module of P-valued skew-symmetric i-derivations. In 
particular, Dx(P) = D(P); 

• A* (A) is the module of differential i -forms of the algebra A; 

• d: A* (A) —» A i+1 (A) is the de Rham differential. 

Recall also that the modules A*(A) are representative objects for the func¬ 
tors D, : : P Dj(P), i.e., D;(P) = Hom y i(A*(A), P). The isomorphism 
D(P) = HoniA(A 1 (A), P) can be expressed in more exact terms: for any 
derivation A": A —> P, there exists a uniquely defined homomorphism 
tp x : A 1 (A) —> P satisfying X = tp x o d. Denote by (Z,cu) G P the value of 
the derivation Z G D*(P) at u G A* (A). 

Both A*(A) = 0 i>o A*(A) and D*(A) = 0 (>o Dj(A) are endowed with 
the structures of superalgebras with respect to the wedge product operation 
A: A*(A) g A4(A) A l+ flA) and A : Dj(A) g Dj(A) —» D i+ j(A), the de 

Rham differential d: A*(A) —> A*(A) becoming a derivation of A*(A). Note 
also that D*(P) = 0,> o Dj(P) is a D*(A)-module. 

Using the paring (•, •) and the wedge product, we define the inner product 
(or contraction ) hvcu G A J_l (A) of X G Dj(A) and u G A J (A), i < j, by 
setting 

(Y,i x u) = (-ly^iX AY,ou), (5.1) 

where Y is an arbitrary element of Dj_j(P), P being an A-module. We 
formally set i xoj = 0 for i > j. When i — 1, this definition coincides with 
the one given in Section 1. Recall that the following duality is valid: 

(X, da A uj) = (A"(a), lu) , 


(5.2) 
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where u E A*(A), X E D* + i(P), and a G A (see Exercise 1.4 on page 14). 
Using the property (5.2), one can show that 

hv(ci7 A 6 ) = i x ( lv ) A 6 + (— l)' Y Au A ix(<^) 

for any u,6 G A*(A), where (as everywhere below) the symbol of a graded 
object used as the exponent of (—1) denotes the degree of that object. 

We now define the Lie derivative of uj G A* (A) along X G D*(A) as 

L x u = (i.v o d- {-l) x d o i x )i o = [: i x , d]u, (5.3) 

where [•, •] denotes the supercommutator: if A, A' : A*(A) —> A*(A) are 
graded derivations, then [A, A'] = A o A' - (—l) AzV A' o A. For X G D(A) 
this definition coincides with the one given by equality (1.9) on page 15. 

Consider now the graded module D(A*(A)) of A*(A)-valued derivations 
A —» A* (A) (corresponding to form-valued vector fields—or, which is 
the same—vector-valued differential forms on a smooth manifold). Note 
that the graded structure in D(A*(A)) is determined by the splitting 
D(A*(A)) = D(A*(A)) and thus elements of grading i are derivations 

X such that im A c A*(A). We shall need three algebraic structures asso¬ 
ciated to D(A*(A)). First note that D(A*(A)) is a graded A*(A)-module: 
for any X G D(A*(A)), uj G A*(A) and a E A we set (u> A X)a = oj A A^(a). 
Second, we can define the inner product i x u> G A* +J_1 (A) of A" G D(A*(A)) 
and u G A- 7 (A) in the following way. If j = 0, we set \ x u = 0. Then, 
by induction on j and using the fact that A* (A) as a graded A-algebra is 
generated by the elements of the form da, a G A, we set 


i x (da A uj) = X(a) A u> — (— l) x da A hv (^), a E A. (5.4) 

Finally, we can contract elements of D(A*(A)) with each other in the fol¬ 
lowing way: 

(i x Y)a = i x (Ya), X, Y E D(A*(A)), a E A. (5.5) 

Three properties of contractions are essential in the sequel. 

Proposition 5.1. Let X,Y E D(A*(A)) and lv,0 E A*(A). Then 

i x{oj A 6) = i x {uj) A 9 + (-l) u ’( x ~ 1 ' , cu A i x (0), (5.6) 

i x(u A Y) = i x (u) AY+ (-1 )* x -»uj A i x (U), (5.7) 

[hv, A] = i[v,y] rn , (5.8) 

where 

[x,y] m = i x(Y) - 


(5.9) 
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Proof. Equality (5.6) is a direct consequence of (5.4). To prove (5.7), it 
suffices to use the definition and expressions (5.5) and (5.6). 

Let us prove (5.8) now. To do this, note first that due to (5.5) the equality 
is sufficient to be checked on elements u> G A J (H). Let us use induction on 
j. For j — 0 it holds in a trivial way. Let a G A; then one has 

[i x , i y](da A u) = (i A ° iy — (—l^-LO _1) i y o i x ) (da A u) 

= ix(i y(da A cu)) — (— :l)( A '- 1 )( y_1 by(i x(da A u>)). 

But 

ix(i y(da A lu)) = i x(Y(a) Aw - (—l) y da A iycn) 

= ix(L'(a)) A <jj + (—l)(- Y-1 b Y(a) A i A <^ — (—1) Y (A(a) A iycn 

- (-1 ) x da A ix(iy^)),. 

while 

iy(i x(dn A u>) = iy(A"(a) A lu — (—1 ) x da A \xw) 

= iy(A"(a)) A u) + (—l) x(1 _1) A"(a) A iycn — (—l) x (y(a) A c o 

— ( —1)^ da A iy(iyCo’)). 

Hence, 

[ix,iy](da A uj) = (i x (L'(a)) - (-l) (A_1)(y_1) iy(A(a))) Acn 

+ (-l) A+i da A (ix(iy^) - (-l) (A_1)(y_1) i y (ix^)) • 

But, by definition, 

ix(Y(a)) - (-lY x -» IY -‘>W(X(a)) 

= (i x Y - (-l)< x - 1 > (y - 1, iyA')(a) = [X,yr( a ). 

whereas 

ix(iycu) — (—1) (A ” 1) iy(ix<^) = i[x,y] rn M 

by induction hypothesis. □ 

Definition 5.1. The element [A, y] rn defined by equality (5.9) is called 
the Richardson-Nijenhuis bracket of elements X and Y. 

Directly from Proposition 5.1 we obtain the following 
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Proposition 5.2. For any derivations X,Y,Z G D(A*(A)) and a form 
u G A* (A) one has 

[. X , Yf n + (—l) ( ' Y+1)(y+1) [Y, Xf n = 0, (5.10) 

j(-l ) (r+1)(x+z )[[X,l"] rn ,Z] rn = 0, (5.11) 

\x, oj a yp = i x p) a y + (-i) (x+1) ^ a [x, y] rn . (5.12) 

Here and below the symbol j> denotes the sum of cyclic permutations. 

Remark 5.1. Note that Proposition 5.2 means that D(A*(A))f is a Gersten- 
haber algebra with respect to the Richardson-Nijenhuis bracket [23]. Here 
the superscript j denotes the shift of grading by 1. 

Similarly to (5.3) dehne the Lie derivative of eo G A*(A) along X G 
D(A*(A)) by 

L x cv = (i x ° d + (—1 ) x d o i x )u> = [ix, d\u (5.13) 

(the change of sign is due to the fact that deg(ix) = deg(Ai) — 1). From the 
properties of ix and d we obtain 

Proposition 5.3. For any X G D(A*(A)) and u, 9 G A*(A), one has the 
following identities: 

Lx (u> A 9) = Lxp) A 9+ (-1 ) Xu lv A L x (6), (5.14) 

Lo,ax = to A Lx + (— l) UJ+x dfu) A ix, (5.15) 

[Lx, d] — 0. (5.16) 

Our main concern now is to analyze the commutator [Lx,Ly] of two Lie 
derivatives. It may be done efficiently for smooth algebras (see Definition 1.9 
on page 19). 

Proposition 5.4. Let A be a smooth algebra. Then for any derivations 
X,Y G D(A*(A)) there exists a uniquely determined element IX, Hi™ G 
D(A*(A)) such that 

[Lx,Ly ] = px,y] fn - (5-17) 

Proof. To prove existence, recall that for smooth algebras one has 

Dj(P) = Homx(A i (A), P) = P ® A Hom A (A*(A), A) = P ®a D*(A) 

for any A-module P and integer i > 0. Using this identification, represent 
elements X,Y G D(A*(A)) in the form 

X = LU® X' and Y = 9® Y' for u, 6 G A *{A),X', Y' G D(A). 
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Then it is easily checked that the element 

Z =uj AO® [X', Y'] + tuA L x ,0 <g> Y + (-1 ) u du A i x ,9 ® Y' 

- (-1 Y°e A L Y ,u <g> X’ - (-1 )^ +1 ^dd A i Y ,u 0 X' (5.18) 

= ujA9® [X ', Y'] + L x 0 <g> Y' - (-l)^L y uj ® X' 
satisfies (5.17). 

Uniqueness follows from the fact that L x{a>) — X(a) for any a £ A. □ 

Definition 5.2. The element [X, F] fu £ D ,+J (A*(A)) defined by formula 
(5.17) is called the Frolicher-Nijenhuis bracket of elements X £ D*(A*(A)) 
and Y £ D J '(A*(A)). 

The basic properties of this bracket are summarized in the following 

Proposition 5.5. Let A be a smooth algebra, X,Y,Z £ D(A*(A)) be 
derivations and u £ A*[A) be a differential form. Then the following iden¬ 
tities are valid: 

[X, Y] fn + {-1) xy [Y, xf" = 0, 

j(-i)n x +z){x,iY,ZfT = 0 , 

i[x,y] fn = [Lx, iy] + (-1) X( ^ +1) L iy x, 
iz[x, yf n = [i z x, yf n + (-1)- Y(Z+1) [X, i z yf n 

+ ( — 1) "i[z,x] fn L — ( — 1)^ + ) 

[X, u> A yf n = L x cj A Y - (-l)( x+1 ^ (Y+ ^dcj A i Y X 

+ (-l)- Yl "o; A [X, yf n . 

Note that the first two equalities in the previous proposition mean that 
the module D(A*(A)) is a Lie superalgebra with respect to the Frolicher- 
Nijenhuis bracket. 

Remark 5.2. The above exposed algebraic scheme has a geometrical real¬ 
ization, if one takes A = C°°(M ), M being a smooth finite-dimensional 
manifold. The algebra A = C°°(M ) is smooth in this case, ffowever, 
in the geometrical theory of differential equations we have to work with 
infinite-dimensional manifolds 10 of the form N = proj lini| 7rfc+i k y N^, where 
all the maps T^k+i,k : X*. +1 —» N k are surjections of finite-dimensional 
smooth manifolds. The corresponding algebraic object is a filtered alge¬ 
bra A = (J keZ A k , A k C A k+l , where all A k are subalgebras in A. As it 
was already noted, self-contained differential calculus over A is constructed, 

10 Infinite jets, infinite prolongations of differential equations, total spaces of coverings, 
etc. 


(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 
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if one considers the category of all filtered A-modules with filtered homo- 
morphisms for morphisms between them. Then all functors of differential 
calculus in this category become filtered, as well as their representative 
objects. 

In particular, the A-modules A*(A) are filtered by A^-modules A l (A k ). 
We say that the algebra A is finitely smooth, if A^A*.) is a projective A k - 
modulc of finite type for any fceZ. For finitely smooth algebras, elements 
of D(P) may be represented as formal infinite sums J2 k Pk <S> X k , such that 
any finite sum S n = Yhk< n Pk® X k is a derivation A n —> P n+S for some fixed 
s6Z. Any derivation X is completely determined by the system {Pn} and 
Proposition 5.5 obviously remains valid. 


5.2. Algebras with flat connections and cohomology. We now intro¬ 
duce the second object of our interest. Let A be an k-algebra, k being a 
field of zero characteristic, and B be an algebra over A. We shall assume 
that the corresponding homomorphism tp: A —> B is an embedding. Let 
P be a P-modulc; then it is an A-module as well and we can consider the 
P-module D (A, P) of P-valued derivations A —> P. 


Definition 5.3. Let V*: D(A, •) D(-) be a natural transformations of 
functors D(A, •): A D(A, P) and D(-): P D(-) in the category of P- 
modulcs, i.e., a system of homomorphisms V p : D(A, P) —> D(P) such that 
the diagram 

D(A,P) D(P) 


D (A/) 


D (/) 


D(A,Q) D(Q) 

is commutative for any P-homomorphism /: P —> Q. We say that V* is a 
connection in the triad ( A , P, ip), if V P (X) | a = X for any X e D(A, P). 


Here and below we use the notation Y \ a —Yop for any Y e D(P). 

Remark 5.3. When A = B = C°°(E), p = 7r*, where M and E 

are smooth manifolds and n: E —> M is a smooth fiber bundle, Definition 
5.3 reduces to the ordinary definition of a connection in the bundle n. In 
fact, if we have a connection V* in the sense of Definition 5.3, then the 
correspondence 

D(A) ^ D(A,P) D(P) 

allows one to lift any vector field on M up to a 7r-projectiblc field on E. 
Conversely, if V is such a correspondence, then we can construct a natural 
transformation V* of the functors D(A, •) and D(-) due to the fact that for 
smooth finite-dimensional manifolds one has D(A,P) = P (g)^ D(A) and 
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D(P) = P ®b D(P) for an arbitrary P-rnodule P. We use the notation 
V = V B in the sequel. 

Definition 5.4. Let V* be a connection in ( A , B, ip) and X, Y e D(A, P) 
be two derivations. The curvature form of the connection V* on the pair 
X, Y is defined by 

P V (X, Y) = [V(X), V(y)] - V(V(X) O Y - V(X) o X). (5.24) 

Note that (5.24) makes sense, since V(X) o Y — V(X) o X is a P-valued 
derivation of A. 

Consider now the de Rham differential d — d B : B —» A 1 (B). Then the 
composition d B A —> B is a derivation. Consequently, we may consider 
the derivation X(d B ° p) G D(A 1 (P)). 

Definition 5.5. The element Uxj G D(A X (P)) defined by 

f/y = V( d B ° p) — d B (5.25) 

is called the connection form of V. 

Directly from the definition we obtain the following 

Lemma 5.6. The equality 

i x (U v ) = X-V{X\ A ) (5.26) 

holds for any X e D (P). 

LIsing this result, we now prove 
Proposition 5.7. If B is a smooth algebra, then 

iyix[Pv, Pvl fn = 2P V (X \ A , Y\ A ) (5.27) 

for any X, Y e D(P). 

Proof. First note that degf/y = 1- Then using (5.22) and (5.19) we obtain 
i xfflv, Cv] fu = [i xUv, Pv] fn + {Uv, i xU^/f n - i[x,c/ v ] fn ^v - i[x,c/ v ] fn ^ v 

= 2(Pa :U v , Uyf 11 - i| X;[/v ]f n U v ). 

Applying iy to the last expression and using (5.20) and (5.22), we get now 

iyix[Pv, ^v] fn = 2([iA'Cv! iyt/y] fn ~ i[x,y] fn ^v) • 

But [ V. , W\ in = [V, W] for any V, W G D(A°(A)) = D(A). Hence, by (5.26), 
we have 

iyix[Pv, Cv] fn = 2([X - V(X | A ), Y - V(X | A )] - ([X, Y] - V([X, Y] | A ))). 

It only remains to note now that V(X |a) |a = X \ A and [X, Y] \ A — X o 
Y\ a -Y oX\ a . □ 
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Definition 5.6. A connection V in (A, B , tp) is called flat, if Ry = 0. 

Thus for flat connections we have 

[t/ v ,t/ v ] fn = 0. (5.28) 

Let U E D(A 1 (5)) be an element satisfying (5.28). Then from the graded 
Jacobi identity (5.20) we obtain 2\U, \U, AT] fn ] fn = [[£/, t/] fn , A"] fn = 0 for 
any X E D(A*(A)). Consequently, the operator d v = {U, -] fn : D(A*(L?)) —■> 
D(A* +1 (i?)) defined by the equality du(X ) = \U, X] fn satisfies the identity 
du ° du — 0 . 

Consider now the case U = t/y, where V is a flat connection. 

Definition 5.7. An element X E D(A*(L?)) is called vertical , if A"(a) = 0 
for any a E A. Denote the ZTsubmodulc of such elements by D U (A *(B)). 

Lemma 5.8. Let V be a connection in (A,B,tp). Then 

(1) an element X E D(A*(L?)) is vertical if and only if 'ixUy = X; 

(2) the connection form Ly is vertical, Uy E D^A^L?)); 

(3) the map d Uv preserves verticality, d Uv (D v (X l (B))) C D^(A* +1 (i?)). 

Proof. To prove (1), use Lemma 5.6: from (5.26) it follows that f\U\/ = X 
if and only if V(X |^) =0. But V(AT |a) |a = X \ a- The second statements 
follows from the same lemma and from the first one: 

i U V U V = C/y - V(t/y U) =U V - V((t/y - V(t/y | A ) | A ) = U V . 

Finally, (3) is a consequence of (5.22). □ 

Definition 5.8. Denote the restriction du v |d«(a*(A)) by <9y and call the 
complex 

0 -> D l \B) D V (A\B)) ->-> D U (A*(5)) D v (A i+1 (B)) -> ■ ■ ■ 

(5.29) 

the V -complex of the triple (A, B , tp). The corresponding cohomology is de¬ 
noted by Hy(B] A, tp) = 0 i>o Hy(B] A, tp) and is called the V -cohomology 
of the triple (A, B, tp). 

Introduce the notation 

dy = Lj/ V : A i (B) —* A i+l (B). (5.30) 

Proposition 5.9. Let V be a flat connection in the triple (A, B, ip) and B 
be a smooth (or finitely smooth) algebra. Then for any X,Y E D U (A*(A)) 



and u G A* (A) one has 

MX, lf n = [dvX, Y] fa + (-1) X [X, 9 v yf n , (5.31) 

[i.Y, <9v] = (-l)' Y ic»v^’ (5.32) 

<9 v (c o A X) = (d v v - d) (u) A X + (~l) u w A d v X, (5.33) 

[4> hv] = i-d v x + (—1) a L. y . (5.34) 

Proof. Equality (5.31) is a direct consequence of (5.20). Equality (5.32) 
follows from (5.22). Equality (5.33) follows from (5.23) and (5.26). Finally, 
(5.34) is obtained from (5.21). □ 

Corollary 5.10. The cohomology module A,(p) inherits the graded 

Lie algebra structure with respect to the Frolicher-Nijenhuis bracket [•, -| fn , 
as well as to the contraction operation. 

Proof. Note that D^(A*(A)) is closed with respect to the Frolicher-Nijen¬ 
huis bracket: to prove this fact, it suffices to apply (5.22). Then the first 
statement follows from (5.31). The second one is a consequence of (5.32). 

□ 

Remark 5.4. We preserve the same notations for the inherited structures. 
Note, in particular, that A,tp) is a Lie algebra with respect to the 

Frolicher-Nijenhuis bracket (which reduces to the ordinary Lie bracket in 
this case). Moreover, Hf(B; A,tp) is an associative algebra with respect to 
the inherited contraction, while the action 

K n :X^ i x Q, X G Hy(B] A, <p), fleH$(B;A,<p) 

is a representation of this algebra as endomorphisms of H^(B] A, tp ). 

Consider now the map dy: A *{B) A *{B) defined by (5.30) and define 

4 = d B — dy- 

Proposition 5.11. Let B be a ( finitely ) smooth algebra andX be a smooth 
connection in the triple (B;A,(p). Then 

(1) The pair ( 4 > 4 ) forms a bicomplex, i.e. 

d v v od v v = 0, 4 o 4 = 0, 4 o dl + 4 o 4 = 0. (5.35) 

(2) The differential 4 possesses the following properties 

[dyAx] = ~id v x, 

<9v4 A X) = -44) A X + (-1 ) u u A d y X, 
where uj G A *(B), X G D W (A*(B)). 


(5.36) 

(5.37) 
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Proof. (1) Since deg dy = 1, we have 

2 d\7 O dy = [dy, dy] = [L{/ v , L[/ v ] = Lp-^^jfn = 0. 

Since dy = L Uv , the identity [d B , dy] = 0 holds (see (5.16)), and it concludes 
the proof of the first part. 

(2) To prove (5.36), note that 

[dy, ix] = [ds — dy, ix] = (—1) X L X — [dy, ix], 

and (5.36) holds clue to (5.34). Finally, (5.37) is just the other form of 
(5.33). ” □ 

Definition 5.9. Let V be a connection in (A,B,(p). 

(1) The bicomplex (B, dy, dy) is called the variational bicomplex associ¬ 
ated to the connection V. 

(2) The corresponding spectral sequence is called the V -spectral sequence 
of the triple (A, B,(p). 

Obviously, the V-spectral sequence converges to the de Rham cohomology 
of B. 

To finish this section, note the following. Since the module A 1 (B) is 
generated by the image of the operator d B : B —* A 1 (B) while the graded 
algebra A *(B) is generated by A 1 (B), we have the direct sum decomposition 

A*(B) = ® ® K(B) 0 AJ(B), 

i>0 p+q=i 

where 

A 1(B) = A 1(B) A ... A A 1(B), A 1(B) = A \(B) A • • - A A 1(B), 

' -V- / V -V- / 

p times q times 

while the submodules A 1(B) C A 1 (R), A 1(B) C A X (R) are spanned in 
A 1 (B) by the images of the differentials dy and dy respectively. Obviously, 
we have the following embeddings: 

4 (AJ(B) ® A 1(B)) c A 1(B) 0 A» + 1 (B), 

4(A;(B) ® AJ(B)) C A;+'(B) 0 A’(B). 

Denote by D p,q (B) the module D V (A%(B) ® A q h (B)). Then, obviously, 
D V (B) = ©j> 0 ®j, +9= jD M (B), while from equalities (5.36) and (5.37) we 
obtain 

<9 V (D p ’ q (B)) C D P ’ g+1 (B). 

Consequently, the module H$(B; A, ip) is split as 

BJ(B;A4 = ® ® H™(B-,A, V ) 

i> 0 p+q=i 

with the obvious meaning of the notation Hf} q (B] A, (p). 


(5.38) 



5.3. Applications to differential equations: recursion operators. 

Now we apply the above exposed algebraic results to the case of infinitely 
prolonged differential equations. Let us start with establishing a corre¬ 
spondence between geometric constructions of Section 3 and algebraic ones 
presented in the previous two subsections. 

Let £ C J k ( 7r) be a formally integrable equation (see Definition 3.20 on 
page 54) and £°° C J°°{ir) be its infinite prolongations. Then the bundle 
7r oo : S°° —> M is endowed with the Cartan connection C (Definition 3.23 
on page 57) and this connection is flat (Corollary 3.19 on page 58). Thus 
the triple 

(A = B = T(£), <p = 

with V = C is an algebra with a flat connection, A being a smooth and 
B being a finitely smooth algebra. The corresponding connection form is 
exactly the structural element Uq of the equation £ (see Definition 3.24 on 
page 58). 

Thus, to any formally integrable equation £ C J k {i r) we can associate 
the complex 

0 -> D v (£) D W (A 1 (£)) -»•-> D w (A < (f)) ^ D"(A +1 (£)) -> ■ ■ ■ 

(5.39) 

and the cohomology theory determined by the Cartan connection. We de¬ 
note the corresponding cohomology modules by H£(£) = (§f i>0 H l c (£). In 
the case of the “empty” equation, we use the notation H£ fn) = ©,:>0 Hi (7r). 

Definition 5.10. Let £ C J k {i r) be a formally integrable equation and C 
be the Cartan connection in the bundle : £°° —> M. Then the module 
£[£(£) is called the C-cohomology of £. 

Remark 5.5. Let us also note that the above introduced modules A q h (B) are 
identical to the modules A. q (£) of horizontal (/-forms on £°°, the modules 
A %{B) coincide with the modules of Cartan forms C P A(£), the differential 
is the extended horizontal de Rham differential d, while dy is the Cartan 
differential dc (cf. with constructions on pp. 60-62). Thus we again obtain 
a complete coincidence between algebraic and geometric approaches. In 
particular, the V-spectral sequence (Definition 5.9 on the page before (2)) 
is the Vinogradov C-spectral sequence (see the Section 7). 

The following result contains an interpretation of the first two of C- 
cohomology groups. 

Theorem 5.12. For any formally integrable equation £ C J k ( n), one has 
the following identities: 



(1) The module H®(£) as a Lie algebra is isomorphic to the Lie algebra 
sym £ of higher symmetries 11 of the equation £. 

(2) The module H l i(£) is the set of the equivalence classes of nontrivial 
vertical deformations of the equation structure (i.e., of the structural 
element ) on £. 

Proof. To prove (1), take a vertical vector field Y £ D v [£) and an arbitrary 
field Z £ D(£). Then, due to (5.22) on page 82, one has 

i zd c Y = i zpc, Yf 1 = [i z Uc, Y] - i [ZX] U C 

= [ Z v , Y] - [Z, Yf = [Z v - Z, Y] v , 

where Z v = i z Uc- Hence, dcY = 0 if and only if [Z — Z V ,Y] V = 0 for any 
Z £ D(£). But the last equality holds if and only if [CX, Y] = 0 for any 
X £ D(M) which means that 

ker (d c : D 1 '(T) -> D w (A 1 (f))) = sym£. 

Consider the second statement now. Let U(e) £ D y (A 1 (T)) be a deforma¬ 
tion of the structural element satisfying the conditions [{/(e), {/(e)] = 0 

and U( 0) = Uc- Then U(e) = Uc + U\£ + 0(e 2 ). Consequently, 

p(e), C(e)] fu = {Uc, Uct + 2p c , U^e + 0( £ 2 ) = 0, 

from which it follows that pc, Ci] 11 = dcU\ = 0. Hence the linear part 
of the deformation Up) determines an element of Hf(£) and vice versa. 
On the other hand, let A: £°° —> £°° be a diffeomorphism 12 of £°°. Define 
the action A* of A on the elements D £ D(A*(£)) in such a way that the 
diagram 

A*(£) A*(£) 



A*(£) A*(£) 

is commutative. Then, if A t is a one-parameter group of diffeomorphisms, 
we have, obviously, 

A* t o Lq o (A ) 1 ) -1 = [L x , Lfi] = L |x,ojf n * 

Hence, the infinitesimal action is given by the Frolicher-Nijenhuis bracket. 
Taking Q = Uc and X £ D 1 ’^), we see that im dc consists of infinitesimal 

11 See Definition 3.29 on page 64. 

12 Since £°° is, in general, infinite-dimensional, vector fields on £°° do not usually 
possess one-parameter groups of diffeomorphisms. Thus the arguments below are of a 
heuristic nature. 
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deformations arising due to infinitesimal action of diffeomorphisms on the 
structural element. Such deformations are naturally called trivial. □ 


Remark 5.6. From the general theory [14], we obtain that the module H^{£) 
consists of obstructions to prolongation of infinitesimal deformations to for¬ 
mal ones. In the case under consideration, elements H^(£) have another 
nice interpretation discussed later (see Remark 5.8 on page 95). 


We shall now compute the modules H p (n), p > 0. To do this, recall the 
splitting A l {£) = (& p+q=i C p A(£) ®A q (£) (see Subsection 5.1). 

Theorem 5.13. For any p > 0, one has 

= T{k, 7t) C p A(n). 


Proof. Dehne a filtration in D t ’(A*(7r)) by setting 

F' D”(A»(jt)) = {V e D'(A'M) | X = 0}. 

Evidently, 

F l D v (A p (n)) C F i+1 D u (A p (vr)), D c (F l D v (A p (tt))) C F'D^A^tt)). 


Thus we obtain the spectral sequence associated to this filtration. To com¬ 
pute the term E 0 , choose local coordinates aq,..., x n , u 1 ,..., u m in the bun¬ 
dle 7r and consider the corresponding special coordinates uf in In 

these coordinates, the structural element is represented as 


M>o j =i 


du i - 


uF dxi 


i= 1 


d 

dui ’ 


(5.40) 


while for X = Yhaj ® <9/<9 it j, 9 G A*(7t), one has 

m n 

d c(x) = y, E E dx ‘ A (di - dm)) 

M>0 j= 1 *= 1 


d 

dui 


(5.41) 


Obviously, the term 

E p ’~ q = F p D v (A p - q (n))/F p ~ 1 D v (A p - q (n)), p > 0, 0 < q < p, 

is identified with the tensor product A p ~ q (7r) T(7t^ 0 ? _ 1 (7t 9)9 _i)). These 
modules can be locally represented as it) ® A p_9 (7r)-valued homoge¬ 
neous polynomials of order q, while the differential d^~ q : E p, ~ q —> EQ~ q+l 
acts as the 5-Spencer differential (or, which is the same, as the Koszul differ¬ 
ential; see Exercise 1.7 on page 20). Hence, all homology groups are trivial 
except for those at the terms Eq’° and one has 

coker <9 q’° = n) C p A(n). 
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Consequently, only the 0-th line survives in the term E\ and this line is of 
the form 


7r) r, 7r) C 1 A(n) —>■■■■ 

aP,0 

-* E(tt, t r) <g>jr (7r) C p A(tt) tt) C p+1 A(7t) —> ■ ■ ■ 

But the image of dc contains at least one horizontal component (see equal¬ 
ity (5.33) on page 86, where, by definition, d^—d = dc~d = — d). Therefore, 
all differentials <9f’° vanish. □ 


Let us now establish the correspondence between the last result (describ¬ 
ing C-cohomology in terms of C*A(7 t)) and representation of Hq(7t) as classes 
of derivations .F(7r) —* A*(7 t). To do this, for any oj = (a; 1 ,..., u m ) G 
JC(7r, 7r) ®r{-K) C*A(it) set 


'd u = Y^D a {<J) 


d 

dui ’ 


where D a — Df 


■ o D° n for cr = (cri,. . . a n ). 


(5.42) 


Definition 5.11. The element 9^, G D"(A*(7 t)) defined by (5.42) is called 
the evolutionary superderivation with the generating section a; G C*A{ii). 


Proposition 5.14. The definition of 9^ is independent of coordinate 
choice. 


Proof. It is easily checked that 

9a, (^(tt)) C A*(7t), 9a; G ker<9 c . 

But derivations possessing these properties are uniquely determined by their 
restriction to Xfin) which coincides with the action of the derivation u : 
Foir) —> C*A(n). Let us prove this fact. 

Set X = 9a, and recall that the derivation X is uniquely determined 
by the corresponding Lie derivative Lx ■ A*(n) —> A*(7t). Further, since 
L xdO = (— l) x d(LxO) (see (5.16) on page 81) for any 9 G A*(7t), the deriva¬ 
tion L x is determined by its restriction to A°(7 t) = T{n). 

Now, from the identity dcX = 0 it follows that 

0=lUc,Xf 1 \f) = Luc(Lx(f))-(-l) X L x (L Uc (f)), f G X(S). (5.43) 

Let now X be such that Lx |jf 0 ( 7 t) = 0 and assume that Lx |jq.( 7 r) = 0 for 
some r > 0. Then taking / = uf, \a\ = r, and using (5.43) we obtain 

L.y dvfi - uTdxi 

\ i 1 



L xdcK = (-1 ) x dc{L x (ui)) = 0. 
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In other words, 

( n \ n n 

J2 U °i dXi I =^2 Lx ( U ii dx i)) = ^2 L x(dui) 
i=l J i =1 i =1 

n 

i— 1 

Hence, Lx(«i) = 0 and thus L x \ f r+1 {Tr) =0. □ 

From this result and from Corollary 5.10 on page 86, it follows that if 
two evolutionary superderivations 9 W , 3g are given, the elements 

W 

(ii) (3fl) 

are evolutionary superderivations as well. 

In the first case, the corresponding generating section is called the Jacobi 
superbracket of elements u = (cu 1 ,..., u> m ) and 6 = ( 6 1 ,...,9 m ) and is 
denoted by {u,6}. The components of this bracket are expressed by the 
formula 

W,»Y - Lfc,(*») - (-irV(<A j - (5.44) 

Obviously, the module JF(7r, 7r) 0^) C*A(tt) is a graded Lie algebra with 
respect to the Jacobi superbracket. The restriction of {-,-} to J r ( 7r, 7r) (8) 
C°A(7 t) = JF(7t, 7t) coincides with the higher Jacobi bracket (see Defini¬ 
tion 3.31 on page 66). 

In the case (ii), the generating section is i b w (9). Note now that any 
element p G C 1 A(7r) is of the form p = J2 aa a aia uj%, where, as before, 
u;“ = dcu “ = du% — Y27 =i u 2id' x i are the Cartan forms on J°°(7r). Hence, if 
0 G JF(vr, 7r) 8)jr (7r) C 1 A( 7r) and 9 J = then 

{hjo)) 1 = (5.45) 

a, a 

In particular, we see that (5.45) establishes an isomorphism between the 
modules JF(7 t, 7r) C*A(n) and CDiff(7r, w) and defines the action of C- 
differential operators on elements of C*A(n). This is a really well-defined 
action because of the fact that i cx^ = 0 for any X G D(M) and u G C*A(tt). 

Consider now a formally integrable differential equation £ C J k ( 7r) and 
assume that it is determined by a differential operator A G ^(tt, £). Denote, 
as in Section 3, by £g the restriction of the operator of universal linearization 
to £°°. Let be the extension of tg to 8 >jf(» C p A(£) which is 

well defined due to what has been said above. Then the module H pA1 (£) is 
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identified with the set of evolution super derivations whose generating 

sections to G tt) C P A(£) satisfy the equation 

lf{u>) = 0 (5.46) 

If. in addition, £ satisfies the assumptions of the two-line theorem, then 
Hc' l (£) is identified with the cokerncl of and thus 

H l c {£) = ker£^ © coker 

in this case. These two statements will be proved in Subsection 6.4. 

As it was noted in Remark 5.4 on page 86, H^{£) is an associative algebra 
with respect to contraction and is represented in the algebra of endomor- 
phisms of Hq{£). ft is easily seen that the action of the 7/y 1 (£) is trivial 
while H^’°(£) acts on H^{£) = syrri £ as C-differential operators (see above). 

Definition 5.12. Elements of the module H^’°(£) are called recursion op¬ 
erators for symmetries of the equation £. 

We use the notation 7 Z(£) for the algebra of recursion operators. 

Remark 5.7. The algebra 7l(£) is always nonempty, since it contains the 
structural element Us which is the unit of this algebra. “Usually” this is 
the only solution of (5.46) for p — 1 (see Example 5.1 below). This fact 
apparently contradicts practical experience (cf. with well-known recursion 
operators for the KdV and other integrable systems [43]). The reason is 
that these operators contain nonlocal terms like D~ l or of a more compli¬ 
cated form. An adequate framework to deal with such constructions will be 
described in the next subsection. 

Example 5.1. Let 


u t = uu x + u xx (5.47) 

be the Burgers equation. For internal coordinates on £°° we choose the func¬ 
tions x, t, u — Uo, ■ ■ ■, Uk ,..., where Uk corresponds to the partial derivative 
d k u/dx k . 

We shall prove here that the only solution of the equation (u) = 0 for 
(5.47) is oj = aui 0 , a = const, where 


uik = dcUk = duk — Uk+idx — D x (uu\ + u 2 )dt. 
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Let tv = (ft 0 coo + • • • + <ft r (v r . Then the equation (5.46) on the page before 
for p — 1 transforms to 


UoD x {<ft°) + D 2 x (cft 0 ) = D t (</>°) + '£,u j+1 p, 


3 =1 


«o^(0 1 ) + ^(0 1 ) + 2^(0°) = A(0 X ) + +1 )u^, 

3 = 2 


(5.48) 


« o ^x(0 i )+^(00+2^(0°)= zw) + x; P + 

j=*+i v 1 * 


u 0 D x ((ft r ) + D 2 x {(ft r ) + 2D x ((ft r - 1 ) = A(0 r ) + rui0 r , 

A00 r ) = 0. 

To prove the result, we apply the scheme used in [64] to describe the sym¬ 
metry algebra of the Burgers equation. 

Denote by /C r the set of solutions of (5.48). Then a direct computation 
shows that 


/C 1 = {ouvo | a E M} 

and that any element iv E /C r , r > 1, is of the form 


u; 


= ay + ^-w 0 ay + + ay_i^ + D[r - 2], 


(5.49) 


(5.50) 


where a r = a r (t), ay_i = ay_i(f), denotes the derivative cPa/dtf, and 
D[s] is an arbitrary linear combination of uiq,...,u s with coefficients in 
T{£). 

Note now that for any evolution equation the embedding 

[sym£, ker^J fn C kerf^ 1 ' 

is valid. Consequently, if 0 e syrri £ and iv E ker^, then {0, iv} E ker^. 

Since the function u j is a symmetry of the Burgers equation (translation 
along x) , one has 


= (X! 

V k 


3 \ n 3 

u k+1 - — v - D x tv = -- —(V. 

OUk I ox 


ffence, if tv E JC r , then from (5.50) we obtain that 

adj^o;) = ajf-^cvi + Q[0] E JC U 



95 


where ad,/, = {'Vv}- Taking into account equation (5.49), we get that 
a £ -1 = 0 , or 

ol t — cio T cq t H - • • • -I - 2 ^ , u* G M. (5.51) 

We shall use now the fact that the element <L = t 2 U 2 +(t 2 uo+tx)ui+tuo+l 
is a symmetry of the Burgers equation (see [64]). Then, since the action of 
symmetries is permntable with the Cartan differential dc, we have 

{<L,0 s o; s } = Q^((j) s u s ) - B^ Ws (<I>) = 3$((j) s )u; s + 0 s 9$(cn s ) - 

But 

9$(cn s ) = 3$d c (u s ) = d c B<s>(u s ) = d c D s x (§) 

= d c (t 2 u s+ 2 + (t 2 u 0 + tx)u s+ 1 + (s + l)(t 2 «i + t)u s ) + fl[s - 1 ]. 
On the other hand, 

9<^a; s ($) = t 2 (j) S U s+ 2 + (2 t 2 Dl((j) S ) + (t 2 u 0 + tx)(j) S )u s+ i 

+ (t 2 D x (cj) s ) + (t 2 rto T tx)D x ((ft s ) + ( t 2 u\ + t)0 s )cu s . 

Thus, we finally obtain 

{$, = {$, 4> s }tv s + (s + l)(Owi + t)o; s 

0 ( 5 . 52 ) 

- 2t 2 D x (<t> a )u 8+1 + n[s-l ]. 

Applying (5.52) to (5.50), we get 

ad$(cn) = ( rta r — t 2 a^)u> r + f7[r — 1]. (5.53) 

Let now oo G K r and assume that a; has a nontrivial coefficient a r of 
the form (5.51), and a* be the first nontrivial coefficient in a r . Then, by 
representation (5.53), we have 

ad^~*(c u) = a' r u r + £l[r — 1] G 1C r , 

where a! r is a polynomial of degree r — 1. This contradicts to (5.51) and 
thus concludes the proof. 

Remark 5.8. Let <p G syrn £ be a symmetry and R G R(£) be a recursion 
operator. Then we obtain a sequence of symmetries = <p, ipi = R((p), 
.... .. (p n — R n (tp), .... Using identity (5.22) on page 82, one can compute the 
commutators </? n ] in terms of \ip, i?] fu G H^’°(£) and [i?, i?] fn G H^’°(£). 
In particular, it can be shown that when both [ 99 , Rj and [A, Rj hl vanish, 
all symmetries </?„ mutually commute (see [27]). 

For example, if £ is an evolution equation, H^°(£) = 0 for all p > 2 
(see Theorem 6.8 on page 112). Hence, if ip is a symmetry and R is a 99 - 
invariant recursion operator (i.e., such that [ 99 , R} tn = 0), then R generates 
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a commutative sequence of symmetries. This is exactly the case for the 
KdV and other integrable evolution equations. 

5.4. Passing to nonlocalities. Let us now introduce nonlocal variables 
into the above described picture. Namely, let £ be an equation and p : Af —■> 
£°° be a covering over its infinite prolongation. Then, due to Proposition 4.1 
on page 70, the triad (jF(A f),C°°(M), (tToo o <£>)*) is an algebra with the flat 
connection C p . Hence, we can apply the whole machinery of Subsections 
5.1-5.3 to this situation. To stress the fact that we are working over the 
covering p, we shall add the symbol p to all notations introduced in these 
subsections. Denote by Uf the connection form of the connection C v (the 
structural element of the covering p). 

In particular, on Af we have the (^-differential = {U^, -] fn : 

D t '(A*(A/’)) —» D t ’(A* +1 (A/’)), whose 0-cohomology H^(£,p) coincides with 
the Lie algebra syrri^ £ of nonlocal (^-symmetries, while the module 
Hc°(£, p) identifies with recursion operators acting on these symmetries 
and is denoted by 7 Z(£,p). We also have the horizontal and the Cartan 
differential d v and df on Af and the splitting A*(A f) = (& p+q=i C p A p {Af) 8 ) 
A q (Af). 

Choose a trivialization of the bundle p : Af —» £°° and nonlocal coordi¬ 
nates w 1 , w 2 , ... in the fiber. Then any derivation X e D^(A*(A f)) splits to 
the sum X = X£ + X v , where Xs{w • 7 ) = 0 and X v is a (^-vertical derivation. 

Lemma 5.15. Let p : £°° x —> £°°, N < oo, be a covering. Then 

Hjf'°(£,p) = ker<9^ | C pa(aT) • Thus H^’°(£, p) consists of derivations D : 
fF{Af) C p A(Af) such that 

Ic/yn]'“ = o. ([t/yf!fy = o. (5.54) 

Proof. In fact, due to equality (5.33) on page 86, any element lying in the 
image of dff contains at least one horizontal component, i.e., 

df (fD v (C p A(Af))) C D v (C p A(Af)®A\Af)). 

Thus, equations (5.54) should hold. □ 

We call the first equation in (5.54) the shadow equation while the second 
one is called the relation equation. This is explained by the following result 
(cf. with Theorem 4.7 on page 73). 

Proposition 5.16. Let £ be an evolution equation of the form 

ft + dku \ 

u t = f(x,t,u ,...,—) 
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and (f : Af = £°° x l w —> £°° be a covering given by the vector fields 13 


D x — D x + X, D t — D t + T, 


where [D x ,D t ] = 0 and 


T =y. T ' d 

aw 


dw s ’ 


w 1 ,... ,w s ,... being nonlocal variables in ip. Then the group Hfi°(£,tp) 
consists of elements 

* = E*‘ ® ^7+E 6 d-IoaiaO) 


such that T,; = £>*']/ 0 and 


E^iw + E 


= 0 , 

f)X s 

^ 

r)T s 


(5.55) 

(5.56) 

(5.57) 


s = 1,2 ,..., where if is the natural extension of the operator if to Af. 
Proof. Consider the Cartan forms 

Wi = dui — Ui+idx — D l x (f ) dt, 9 s = dw s — X s dx — T s dt 
on Af. Then the derivation 

i s 


13 To simplify the notations of Section 4, we denote the lifting of a C-differential oper¬ 
ator A to Af by A. 
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is the structural element of the covering p. Then, using representation (5.18) 
on page 82, we obtain 


d 


d = dx A Om - D x (Vi)) ® — 




OUn 


d_ 

d Ui 


^ElEf^ + E^-w) 


s a 


d 

dw s 


^E(E^+e£>-aw 


d 

dw s ' 


which gives the needed result. 


□ 


Note that relations T* = D l x (\J/ 0 ) together with equation (5.55) are equiv¬ 
alent to the shadow equations. In the case p — 1, we call the solutions of 
equation (5.55) the shadows of recursion operators in the covering p. Equa¬ 
tions (5.56) and (5.57) on the page before are exactly the relation equations 
on the case under consideration. 


Exercise 5.1. Generalize the above result to general equations using the 
proof similar to that of Theorem 4.7 on page 73. 

Thus, any element of the group p) is of the form 

* = E^(v-)®^ + E^®a^' < 5 - 58 > 

i 1 s 

where the forms if = To, if s G C 1 A(A/") satisfy the system of equations 
(5.55)-(5.57). 

As a direct consequence of the above said, we obtain the following 

Corollary 5.17. Let T be a derivation of the form (5.58) with G 

C p A(Af). Then if is a solution of equation (5.55) on the preceding page in 
the covering p if and only if 1 9£(T) is a p-vertical derivation. 

We can now formulate the main result of this subsection. 

Theorem 5.18. Let p : Af —> S°° be a covering, S G syrri^ £ be a p- 
symmetry, and if G C 1 A(A/’) be a shadow of a recursion operator in the 
covering p. Then if' = i sif is a shadow of a symmetry in p, i.e., ie(if') = 0. 

Proof. In fact, let T be a derivation of the form (5.58). Then, due to 
identity (5.32) on page 86, one has 

= i 8fs - is(ayt) = 
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since S is a symmetry. But, by Corollary 5.17 on the facing page, C0T is 
a </?-vertical derivation and consequently <9^(is'b) = —is'(<9^f) is p -vertical 
as well. Hence, isT is a ^-shadow by the same corollary. □ 

Using the last result together with Theorem 4.11 on page 77, we can 
describe the process of generating a series of symmetries by shadows of 
recursion operators. Namely, let ^ be a symmetry and u G C 1 A(A/") be a 
shadow of a recursion operator in a covering p : J\f —> £°°. In particular, 0 
is a ^-shadow. Then, by Theorem 4.9 on page 76, there exists a covering p^ : 
A/; A r ^ £°° where 9^ can be lifted to as a (/^-symmetry. Obviously, 
u still remains a shadow in this new covering. Therefore, we can act by u 
on 0 and obtain a shadow 0i of a new symmetry on A/0. By Theorem 4.11 
on page 77, there exists a covering, where both 0 and 0i are realized as 
nonlocal symmetries. Thus we can continue the procedure applying c o to 
0 i and eventually arrive to a covering in which the whole series {0*,} is 
realized. 

Example 5.2. Let u t = uu x + u xx be the Burgers equation. Consider the 
one-dimensional covering p : £°° xR —> £°° with the nonlocal variable w 
and dehned by the vector fields 

Then it easily checked that the form 

1 ,1. 

u — cji + -u 0 + —9, 

where uq and u\ are the Cartan forms dcUo and dcU\ respectively and 9 = 
dw — uodx — (mq/2 + u\)dt , is a solution of the equation = 0. If 9,/, is 
a symmetry of the Burgers equation, the corresponding action of uj on 0 is 

and thus coincides with the well-known recursion operator for this equation, 
see [43]. 

Exercise 5.2. Let u t = uu x + u xxx be the KdV equation. Consider the one- 
dimensional covering p : £°° xR —> £°° with the nonlocal variable w and 
dehned by the vector fields 

D * = D ’ +Uo lL' d ‘ =d,+ {^ + U2 )iL- 

Solve the equation = 0 in this covering and hnd the corresponding 
recursion operator. 
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Remark 5.9. Recursion operators can be understood as supersymmetries 
(cf. Subsection 7.9 on page 132) of a certain superequation naturally related 
to the initial one. To such symmetries and equations one can apply nonlocal 
theory of Section 4 and prove the corresponding reconstruction theorems, 
see [28, 30], 
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6. Horizontal cohomology 

In this section we discuss the horizontal cohomology of differential equa¬ 
tions, i.e., the cohomology of the horizontal de Rham complex (see Def¬ 
inition 3.27 on page 60). This cohomology has many physically relevant 
applications. To demonstrate this, let us start with the notion of a con¬ 
served current. Consider a differential equation £. A conserved current is 
a vector-function J = (Ji,..., J n ), where Jk G tF(£), which is conserved 
modulo the equation, i.e., that satisfies the equation 

n 

^ Dk(Jk) = 0 , ( 6 . 1 ) 

k =1 

where Dk are restrictions of total derivatives to £°°. For example, take the 
nonlinear Schrodinger equation 14 

n -' Q2 

iipt = A = 5Z^2- ( 6 - 2 ) 

3 = 1 J 

Then it is straightforwardly verihed, that the vector-function 

J = (|^| 2 ,i{W> X l 4’4’xi )>•••>* (V’V’x„-l -^x n -i)) 

is a conserved current, i.e., that 

n— 1 

AGV’I 2 ) + J] Dk{i{i)^ Xk - 

fc=i 

vanishes by virtue of equation (6.2). 

A conserved current is called trivial , if it has the form 

n 

Jk = ^ A(£fci) (6-3) 

1=1 

for some skew-symmetric matrix, ||£w||, £&/ = — £;&, £« G tF(£). The 
name “trivial currents” means that they are trivially conserved regardless 
to the equation under consideration. Two conserved currents are said to be 
equivalent if they differ by a trivial one. Conservation laws are defined to 
be the equivalent classes of conserved currents. 

Let us assign the horizontal (n — l)-form uj = Ylk=i(~l) k ~ l Jk dx\ A • • • A 
dxk A • • • A dx n to each conserved current J = (Ji,..., J n ). Then equa¬ 
tions (6.1) and (6.3) can be rewritten as duj = 0 and uj = drj respectively, 
where rj = J2k>i(~^) k+l £ki dx\ A • • • A dxi A • • • A dxk A • • • A dx n . Thus, we 

14 Here if) is a complex function and (6.2) is to be understood as a system of two 
equations. 
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see that the horizontal cohomology group in degree n — 1 of the equation S 
consists of conservation laws of S. 

In physical applications one also encounters the horizontal cohomology 
in degree less than n — 1. For instance, the Maxwell equations read 

d(*F) = 0, 

where F is the electromagnetic held strength tensor and * is the Hodge 
star operator. Clearly *F is not exact. Another reason to consider the 
low-dimensional horizontal cohomology is that it appears as an auxiliary 
cohomology in calculation of the BRST cohomology [5]. Recently, by means 
of horizontal cohomology the problem of consistent deformations and of 
candidate anomalies has been completely solved in cases of Yang-Mills gauge 
theories and of gravity [6, 4], 

The horizontal cohomology plays a central role in the Lagrangian formal¬ 
ism as well. Really, it is easy to see that the horizontal cohomology group in 
degree n is exactly the space of actions of variational problems constrained 
by equation S. 

For computing the horizontal cohomology there is a general method based 
on the Vinogradov C-spectral sequence. It can be outlined as follows. The 
horizontal cohomology is the term E^’* of the Vinogradov C-spectral se¬ 
quence and thereby related to the terms Ef’*, p > 0. For each p, such a 
term is also a horizontal cohomology but with some nontrivial coefficients. 
The crucial observation is that the corresponding modules of coefficients are 
supplied with hltrations such that the differentials of the associated graded 
complexes are linear over the functions. Hence, the cohomology can be 
computed algebraically. A detailed description of these techniques is our 
main concern in this and the next sections. 

6.1. C-modules on differential equations. Let us begin with the defini¬ 
tion of C-modules, which are left differential modules (see Definition 1.7 on 
page 16) in C-differential calculus and serve as the modules of coefficients 
for horizontal de Rham complexes. 

Proposition 6.1. The following three definitions of a C-modide are equiv¬ 
alent: 

(1) An F-module Q is called a C-modulc, if Q is endowed with a left 
modide structure over the ring CDiff(^ r , F), i.e., for any scalar C-dif¬ 
ferential operator A e CDifffc(^ r , F) there exists an operator Aq e 
CDifffc((3, Q), with 

(1) (E./.A.) 0 = E./.(A.)«, her, 

(2) (idjc-)o = id<o, 

(3) (A 1 oA 2 ) q = (A 1 )qo(A 2 ) q . 
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(2) A C-module is a module equipped with a flat horizontal connection, 
i.e., with an action on Q of the modide CD = C D(£), X > Vx, 
which is J 7 -linear: 

V/x+ g y = /Vx + fi'Vy, f, g E J 7 , A", Y e CD, 

satisfies the Leibniz rule: 

X x (fq)=X(f)q + fX x (q), q E Q, X E CD, f E J 7 , 

and is a Lie algebra homomorphism: 

[Vx, Vy] = V [X,y] • 

(3) A C-module is the module of sections of a linear covering, i.e., Q 
is the module of sections of a vector bundle t: W —> S°°, Q = T(r), 
equipped with a completely integrable n-dimensional linear distribution 
(see Definition 4.3 on page 70) on W which is projected onto the 
Cartan distribution on C°°. 


The proof is elementary. 


Exercise 6.1. Show that 


(1) in coordinates, the operator ( Df)Q = 11 /Xj \\ is a matrix operator of 
the form 

A k = d 5 k + r fc . r fc e t 

where S k is the Kronecker symbol; 

(2) the coordinate description of the corresponding flat horizontal con¬ 
nection looks as 


Va(%) = £ r t 


Sk 


where Sj are basis elements of Q\ 

(3) the corresponding linear covering has the form 

A = d. + £ r*, • 9 

j,k 


iw J 


dw k ' 


where w l are fiber coordinates on W. 


Here are basic examples of C-modnles. 

Example 6.1. The simplest example of a C-module is Q = J 7 with the 
usual action of C-differential operators. 

Example 6.2. The module of vertical vector fields Q — D v — D^C) with 
the connection 

Vx(E) = [A, yf, X E CD, Y E D*’, 
where Z v = Uc(Z), is a C-module. 
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Example 6.3. Next example is the modules of Cartan forms 0 = C k A = 
C k A(5). A vector field X G CD acts on C fc A as the Lie derivative L X - It is 
easily seen that in coordinates we have 

(Di) C k A (uj J a ) = ujL. 

Example 6.4. The infinite jet module Q = J°°(P ) of an P-module P is a 
C-module via 

A C~(P)(/Joo(p)) = A (/)joo(p), 

where A G CDiff(P, P), f G P, p G P. 

Example 6.5. Let us dualize the previous example. It is clear that for any 
P-module P the module Q = CDiff(P, P) is a C-module. The action of 
horizontal operators is the composition: 

Aq(V) = AoV, 

where A G CDiff(P,P), V G Q = CDiff(P,P). 

Example 6.6. More generally, let A: P —> Pi be a C-differential opera¬ 
tor and J°°(P) —> be the corresponding prolongation of A. 

Obviously, 0^ is a morphism of C-modules, i.e., a homomorphism over the 
ring CDiff(P, P), so that ker0^, and coker 0^, are C-modules. 

On the other hand, the operator A gives rise to the morphism of C-rnod- 
ules CDiff(Pi, P) —>■ CDiff(P, T), V ^ VoA. Thus the kernel and cokernel 
of this map are C-modules as well. 

Example 6.7. Given two C-modules Q i and Q 2 , we can define C-module 
structures on Q 1 (g)^ Q 2 and Horn^Qi, Q 2 ) by 

Vx(o ® q 2 ) = V x (gi) <8> q 2 + <?i ® V^(g 2 ), 

Vx(/)(gi) = V x (/(gi))-/(Vv( gi )), 

where X G CD, q x G Q 1 , q 2 G Q 2 , f G H.omjr(Q 1 ,Q 2 ). 

For instance, one has C-module structures on Q = J°°(P) C k A and 

Q = CDiff(P, C fc A) for any P-module P. 

Example 6.8. Let g be a Lie algebra and p: g —> gl(W) a linear represen¬ 
tation of g. Each g-valued horizontal form u G A 1 (£)<g)R 0 that satisfies the 
horizontal Maurer-Cartan condition du + |[o;, a;] = 0 defines on the mod¬ 
ule Q of sections of the trivial vector bundle S°° x W —» £°° the following 
C-module structure: 

V x (q) a = X( q ) a + p(u;(X))( qa ), 

where X G CD, q G Q, a G £°°, and X(q) means the component-wise action. 
Exercise 6 . 2 . Check that Q is indeed a C-module. 
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Such C-modules are called zero-curvature representations over £°°. Take 
the example of the KdV equation (in the form u t = uu x + u xxx ) and g = 
sl 2 (M). Then there exists a one-parameter family of Maurer-Cartan forms 
cn(A) = (A) dx + A 2 (A) dt , A being a parameter: 


Ai(A) 


(0 — (A + w)\ 

U ° ) 


and 


This is the 
method. 


-u n 


-u 7 


18 U 9 ^ 


|w 2 + |A u + |A 2 


^2 (A) — I J_ 

V 18 

zero-curvature representation used in the inverse scattering 


Remark 6.1. In parallel with left C-modules one can consider right C-mod- 
ules, i.e., right modules over the ring CDiff(jT, J 7 ). There is a natural way 
to pass from left C-modules to right ones and back. Namely, for any left 
module 0 set 

B(Q) =Q®r A n (£), 

with the right action of CDiff(jF, T) on B(Q) given by 

(q®u)f = fq®u = q® fu, f G F, 

(q <g) uj)X = — Vx(q) < 8 ) a; — q <g) L x u> , X e CD. 

One can easily verify that B determines an equivalence between the cate¬ 
gories of left C-modules and right C-modnles. 

By definition of a C-module, for a scalar C-differential operator A: T —> 
T there exists the extension A q : Q —>• Q of A to the C-module Q. Similarly 
to Lemma 1.16 on page 16 one has more: for any C-differential operator 
A: P —> S there exists the extension A q : P ®jr Q S Q. 

Proposition 6.2. Let P, S be T-modules. Then there exists a unique map¬ 
ping 

CDiff fc (P, S) -> CDiff*(P Q), A i-h. A q , 

such that the following conditions hold: 

(1) if P = S = T then the mapping is given by the C-module structure 
on Q, 

(2) (E./.A.) 0 = E,/.(A.)o, f,er, 

(3) if A G CDiff’ 0 (P, S) = Horrijr(P, S) then A q = A idg, 

(4) if R is another T-module and Ai : P —» S, A 2 : S —> R are C-differ¬ 
ential operators, then (A 2 o Ai)q = (A 2 )q o (A^q. 
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Proof. The uniqueness is obvious. To prove the existence consider the family 
of operators A (p, s*): T —» T, p G P, s* G S* = Honijr(5', J 7 ), A (p, s*)(f ) = 
s*(A(fp)), f G J 7 . Clearly, the operator A is defined by the family A (p, s*). 
The following statement is also obvious. 

Exercise 6.3. For the family of operators A\p, s*] G CDiff fc (.P, J 7 ), p G P, 
s* G S*, we can find an operator A G CDiff fe (P, S) such that A[p, s*] = 
A (p, s*), if and only if 

a[p, y m*i = Y ^ A ^ 

i i 

fiPu s*] = Y A bu 

i i 

In view of this exercise, the family of operators 

Aq\p ® q, s* ® q*](f) = q*(A(p,s*) Q (fq)) 
uniquely determines the operator Aq. □ 

6.2. The horizontal de Rham complex. Consider a complex of C-dif- 

ferential operators •••—>■ P,_i P t — p i+1 —> .... Multiplying it by a 
C-module Q and taking into account Proposition 6.2 on the preceding page, 
we obtain the complex 

-+ ® Q Pi®Q Pi+i ® Q -> ■ ■ ■ . 

Applying this construction to the horizontal de Rham complex, we get hor¬ 
izontal de Rham complex with coefficients in Q: 

0 — Q ^ A 1 Q ^ ^ A” Q -h. 0 , 

where A* = A*(£). 

The cohomology of the horizontal de Rham complex with coefficients in 
Q is said to be horizontal cohomology and is denoted by H l (Q). 

Exercise 6.4. Proof that the differential d — dQ can also be defined by 

(dq)(X) = V x (q), q^Q, 

d{uj ® q) = duo ® q + (— 1) p uj A dq, uj G A p . 

One easily sees that a morphism /: Q\ —>► Q -2 of C-modules gives rise to 
a cochain mapping of the de Rham complexes: 

0 -> Qi —A 1 ® t Q 1 —••• — d —> A n ®rQi -> 0 

0 -■> Q-2 --—» A 1 ®jr Q 2 --—■> • • • --—■> A n ®jr Q 2 -> 0. 
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Let us discuss some examples of horizontal de Rham complexes. 

Example 6.9. The horizontal de Rham complex with coefficients in the 
module J°°(P) 

o -*• j°°(P) 4 a 1 ® j°°(p) 4 a 2 ® j°°(p) 4 — 4 A n ® j°°(p) -> o 

is the project limit of the horizontal Spencer complexes 

0 -> J\P) 4 a 1 ® J k ~\P) 4 A 2 ® J k ~\P) 4 , (6.4) 

where S(u ® ji(p )) = du> <S>ji-i(p)- As usual Spencer complexes, they are 
exact in positive degrees and 

H°(A 9 ® J k -(P)) = P. 

Recall that one proves this fact by considering the commutative diagram 
0 0 0 


0 —» S fc ® P 


J k {p) 


J k ~\P ) > 0 


0 —> A 1 ® S fc_1 ® P —> A 1 ®J k ~ 1 (P) —> A 1 ® J k ~ 2 (P) —> 0 


0 —> A 2 ® S fc_2 ® P —> A 2 ® J k ~ 2 (P) —> A 2 ® J k ~ 3 (P) —> 0 


(see page 20). 

Exercise 6.5. Multiply this diagram by a C-module Q (possibly of infinite 
rank) and prove that the complex 

o j°°(p) ® g 4 a 1 ® j°°(p) ® q 4 ... 4 A n ® j°°(P) ® q -> o 

is exact in positive degrees and 

H 0 (A 9 ®J°°(P)®Q) = P®Q. 

Here 

J°°{P) ® Q = proj lim J k (P) ® Q. 
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Example 6.10. The dualization of the previous example is as follows. The 
coefficient module is CDiff(P, T'). The corresponding horizontal de Rham 
complex multiplied by a C-modulc Q has the form 

0 -> CDiff (P, T) <g> Q 4 CDiff(P, A 1 )®q4... 

• • • 4 CDiff (P, A n ) <8) Q -> 0. 
As in the previous example, it is easily shown that 

TP (CDiff(P, A’) <g> Q) = 0 for i < n, 

P n (CDiff(P, A’) (8) Q) = P ® Q, 
where P = Homjr(P, A n ). 

One can use this fact to define the notion of adjoint C-differential operator 
similarly to Definition 2.1 on page 27. The analog of Proposition 2.1 on 
page 27 remains valid for C-differential operators. 

Example 6.11. Take the C-module 

Q = ® D”(C P A) = ® Hom^A^A). 

p p 

The horizontal de Rham complex with coefficients in Q can be written as 
0 —* D 1 ’ —* D^A 1 ) D^A 2 ) -> ■ ■ ■ 

Proposition 6.3. The differential <7d"(Cpa) of this complex is equal to —d,c 
(see page 88 ), so that the complex coincides up to sign with the com¬ 
plex (5.39) on page 88. 

Proof. Take a vertical vector field Y G D 1 ’ and an arbitrary vector field Z. 
By (5.22) on page 82 we obtain (cf. the proof of Theorem 5.12 on page 88) 
i zdcY = [Z v — Z, Y] v . Hence, dc(p v ) C D^A 1 and <9 cId„ = — d^v. This 
together with formula (5.37) on page 86 and Remark 5.5 on page 88 yields 
d c (D v (C p A) ® A«) C D v (C p A) ® A« +1 and «9 c | d „ (CpA)0A , = -d D « (C p A) . □ 

6.3. Horizontal compatibility complex. Consider a C-differential oper¬ 
ator A: P 0 —> P 1 . It is clear that by repeating word by word the construc¬ 
tion of Subsection 1.4 on page 13 one obtains the horizontal compatibility 
complex 


P 0 A P l ^ p 2 ffA P 3 ^ ■ ■ • , (6.5) 

which is formally exact (see the end of Subsection 1.7 on page 25). 

Consider the C-modulc 77 a = ker (cf. Example 6.6 on page 104). Then 
by Theorem 1.20 on page 21 the cohomology of complex (6.5) is isomorphic 
to the horizontal cohomology with coefficients in 77 a: 
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Theorem 6.4. 

H\n A ) = H i iP.). 

Recall that this theorem follows from the spectral sequence arguments 
applied to the commutative diagram 


0 — > A 2 ® J°°{P 0 ) —> K 2 ®J°°{Pi) —> K 2 ®j°°{P 2 ) — 


0 —* A 1 ® J°°(Po) —> A 1 (g) J°°(Pi) —> A 1 ®J 0O {P 2 ) 


0 —> J°°{Po) —> J°°(Pi) —> J°°{P2) — 


0 0 0 
Let us multiply this diagram by a C-module Q. This yields 

H i {H A ®Q)=H i {P.®Q), (6.6) 

where 1Z A ® Q = proj lim PJ A ® Q, with 1Z 1 A = kei ip£ +l , ord A < k. 

We can dualize our discussion. Namely, consider the commutative dia¬ 
gram 


0 <— CDiff(P 0 , A 


n—2\ 


CDiff(Pi,A 


n—2\ 


CDiff(P 2 , A 


n—2\ 


0 <— CDiff(P 0 , A 


0 <— CDiff(P 0 ,A" 


0 


n—1\ 


CDiff(Pi,A 


CDiff(Pi, A r 


0 


n—1 \ 


CDiff(P 2 , A 


CDiff(P 2 , JV' 


n— I'i 


As above, we readily obtain 

H\TV A ) = H n _i(P.) 
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and, more generally, 

H\n* A 8 Q) = H n _i(P, 8 Q), (6.7) 


where 1Z* A = Hom(77-A, T'). The homology in the right-hand side of these 
formulae is the homology of the complex 


Pn 


A* 
< - 


A 





dual to the complex (6.5). 


6.4. Applications to computing the C-cohomology groups. Let £ be 

an equation, 


Pn = X 


*e 


Pi 


P 3 ^ P 4 


the compatibility complex for the operator of universal linearization, x = 
P(£,7r). Take a C-module Q. 


Theorem 6.5. H l (D v (Q )) = iP(P. 8 Q ). 


Proof. The statement follows immediately from (6.6) on the page before 
and Proposition 3.30 on page 68. □ 


Let Q = C p A. The previous theorem gives a method for computing of the 
cohomology groups H l (D 11 (C p A)), which are the C-cohomology groups (see 
Example 6.11 on page 108): 

Corollary 6.6. H l (D v (C p A )) = 7P(P. 8C P A). 


Let us describe the isomorphisms given by this corollary in an explicit 
form. 

Consider an element E* G r 8 Joo(si) G A 9 8 D^(C P A), where c o\ G 
A 9 8 C p A, Si G x, which is a horizontal cocycle. This means that 

y ®3oo (4(si)) = 0 and '^duf 8 Joo(sj) = 0. 

ie/ i£l 

From the second equality it easily follows that there exists an element 
® Joo(s'i) G A 9-1 (8) C p A 8 J7°°(x), such that Eie/i ^ _1 ® 
Joo(s-) = Joo(si)- Denote sj = 4(«Q- The element E ie /i w * ?_1 ® 

Joo(sj) G A 9 ” 1 8) C P A 8 77°°(Pi) satisfies 

^ cnf 1 8 Joo(A 1 (s l 1 )) = 0 and ^ dw\~ 1 8 Joofo*) = 0 . 
ieh ieh 

Continuing this process, we obtain elements Eie/z^E* ® Joo( s D £ A 9- * 8) 
C P A 8 J7°°(P/) such that 

^ ul~ l 8 Joo(A;(s-)) = 0 and ^ dul~ l 8 Joo(s-) = °- 

ieh ieh 
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For l = q these formulae mean that the element ^2 ieI ^CAToo^) represents 
an element of the module P q <g) C p A that lies in the kernel of the operator 
A ?+1 . This is the element that gives rise to the cohomology class in the 
group H q (P, 8) C p A) corresponding to the chosen element of A q 8) D U (C P A). 

ft follows from our results that if there is an integer k such that P*. = 
Pk+\ = Pfc +2 = • • • = 0, i.e., the compatibility complex has the form 



then 

H i (T) v (C p A)) = 0 for i > k. 

This result is known as the k-line theorem for the C-cohomology. 

What are the values of the integer k for differential equations encountered 
in mathematical physics? The existence of a compatibility operator is 
usually due to the existence of dependencies between the equations under 
consideration: Ai(P) — 0, S — {F = 0}. The majority of systems that 
occur in practice consist of independent equations and for them k — 2. 
Such systems of differential equations are said to be d-normal. In the case 
of ^-normal equations the two-line theorem for the C-cohomology holds: 

Theorem 6.7 (the two-line theorem). Let a differential equation £ be i- 
normal. Then: 

(1) H i (D v (C p A)) =0 fori >2, 

( 2 ) H°(D V (C P A)) = ker(£ £ ) CPA , 

(3) H\D v {C p A)) = coker(4 ) C pa. 

Further, we meet with the case k > 2 in gauge theories, when the de¬ 
pendencies A i(F) = 0 are given by the second Noether theorem (see page 
128). For usual irreducible gauge theories, like electromagnetism, Yang- 
Mills models, and Einstein’s gravity, the Noether identities are independent, 
so that the operator A 2 is trivial and, thus, k — 3. Finally, for an L-th stage 
reducible gauge theory, one has k = L + 3. 

Remark 6.2. For the “empty” equation J°°( tt) Corollary 6.6 on the facing 
page yields Theorem 5.13 on page 90 (the one-line theorem). 


6.5. Example: Evolution equations. Consider an evolution equation 
£ = {F = u t — f(x,t,Ui ) = 0}, with independent variables x,t and depen¬ 
dent variable u\ Ui denotes the set of variables corresponding to derivatives 
of u with respect to x. 

Natural coordinates for £°° are ( x,t,Ui ). The total derivatives operators 
D x and D t on £°° have the form 





d_ 

duA 
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The operator of universal linearization is given by 

i 

Clearly, for an evolution equation the two-line theorem holds, hence the 
C-cohomology H q (fD v {C p A)) is trivial for q > 2. Now, assume that the order 
of the equation £ is greater than or equal to 2, i.e., ord if > 2. Then one 
has more: 

Theorem 6.8. For any evolution equation of order > 2, one has 

H°(D V (C P A)) — 0 forp> 2, 

Proof. It follows from Theorem 6.7 on the preceding page that 
H°(D V (C P A)) = ker(£g)cpA- Hence to prove the theorem it suffices to check 
that the equation 

(D t -£ f )(u) = 0, (6.8) 

with oj G C p A, has no nontrivial solutions for p > 2. 

To this end consider the symbol of (6.8). Denote smbl(D x ) = 6. The 

Qf 

symbol of if has the form smbl(f'y) = g6 k , k = ord if > 2, where g = 

OUk 

An element c o G C p A can be identified with a multilinear C-differential 
operator, so the symbol of lo is a homogeneous polynomial in p variables 
smbl(o;) = 6(&i ,..., 9 p ). Equation (6.8) yields 

\g (@i + • • • + Op) — g(0\ + • • • + 9 p ) k ] ■ 5(6i,... , Op) — 0. 

The conditions k > 2 and p > 2 obviously imply that S(0\,... ,0 P ) = 0. 
This completes the proof. □ 

Remark 6.3. This proof can be generalized for determined systems of evo¬ 
lution equations with arbitrary number of independent variables (see [16]). 
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7. Vinogradov’s C-spectral sequence 

7.1. Definition of the Vinogradov C-spectral sequence. Suppose 
£ c ^/ fc (vr) is a formally integrable differential equation. Consider the 
ideal CA* = C A*(£) of the exterior algebra A*(£) of differential forms 
on £°° generated by the Cartan submodule C 1 A(£) (see page 61): CA* = 
C 1 A(£) A A*(£). Clearly, this ideal and all its powers (CA*) As = C s A A A*, 
where C s A = (£ l A A • • • A C 1 A, is stable with respect to the operator d, i.e., 

V ^ 

s times 

d((CA*) As ) c (CA*) As . 

Thus, in the de Rham complex on £°° we have the filtration 

A* D CA* D (CA*) A2 d • • • D (CA*) As D • • • . 

The spectral sequence (E p,q , d p,q ) determined by this filtration is said to be 
the Vinogradov C-spectral sequence of equation £. As usual p is the filtration 
degree and p + q is the total degree. 

It follows from the direct sum decomposition (3.40) on page 61 that E^ q 
can be identified with C p A ® A q . 

Exercise 7.1. Prove that under this identification the operator d coincides 
with the horizontal de Rham differential dcp\ with coefficients in C p A (cf. 
Example 6.3 on page 104). 

Thus, the Vinogradov C-spectral sequence is one of two spectral sequences 
associated with the variational bicomplex (C P A ® A 9 ), d, dc ) constructed in 
Subsection 3.8 on page 61. 

Remark 7.1. The second spectral sequences associated with the variational 
bicomplex can be naturally identified with the Leray-Serre spectral se¬ 
quence of the de Rham cohomology of the bundle £°° —> M. 

Remark 7.2. The definition of the Vinogradov C-spectral sequence given 
above remains valid for any object the category Inf (see page 69), whereas 
the variational bicomplex exists only for an infinite prolonged equation. 

Exercise 7.2. Prove that any morphism F: Af\ —» M 2 in Inf gives rise to 
the homomorphism of the Vinogradov C-spectral sequence for M 2 into the 
Vinogradov C-spectral sequence for M \. 

7.2. The term E\ for J°°( n). Let us consider the term Ei of the Vino¬ 
gradov C-spectral sequence for the “empty” equation £°° = J°°(7r). 

By definition the first term E\ of a spectral sequence is the cohomology 
of its zero term E 0 . Thus, to describe the terms Ef ,q (7i) we must compute 
the cohomologies of complexes 

0 ->■ C p A(vr) 4 C p A(tt) ® A^tt) 4 • • • 4 C p A(tt) ® A n (yr) -> 0. 
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Using Proposition 3.30 on page 68, this complex can be rewritten in the 
form 

0 ^CDiffg(x(7r),^(7r)) ACDiff§5(x(7r),A 1 (7r)) -••• 

^CDiff^(x(7r),A"(7r))-,0, 

where w( A) = (— l) p d o A. 

Now from Theorem 2.8 on page 32 we obtain the following description of 
the term E\ for J°°(7r): 

Theorem 7.1. Let n be a smooth vector bundle over a manifold M, 
dim M — n. Them. 

(1) £° i9 (tt) = H q {7 r) for all q > 0; 

(2) Uf’ 9 (7r) = 0 for p > 0, q ^ n; 

(3) Ef’ n ( tt) = Lf(x( tt)), p > 0, 

where (x(7r)) was defined in Theorem 2.8 on page 32. 

Since the the Vinogradov C-spectral sequence converges to the de Rham 
cohomology of the manifold J°°( n), this theorem has the following 

Corollary 7.2. For any smooth vector bundle i r over an n-dimensional 
smooth manifold M one has: 

(1) Ef’ q {ii) = 0, 1 < r < oo, if p > 0, q n or p = 0, q > n; 

(2) E°{\i r) = E°J(7t) = H q (J°°( tt)) = r)), q < n; 

(3) Uf >r, (7r) = ££f(7r) = H p+n (J°°(n)) = H p+n (J°(i r)), p > 0. 

Exercise 7.3. Prove that H q (J°°(n)) = H q (J°(n)). 

We now turn our attention to the differentials df n . They are induced 
by the Cartan differential dc- For p = 0, we have dc{uf) = C, w 6 A”. 
(Note that the expression is correct, because u is a horizontal form, i.e., 
a nonlinear operator from r(vr) to A n (M).) Therefore the operator 

— rP ,n 

E®’ n (n) = H n (n) — l —y E\'"(p t) = k{jf) 

is given by the formula ^’"([ca]) = (1), where lo E A”(vr), [cn] is 

the horizontal cohomology class of oo. 

Exercise 7.4. Write down the coordinate expression for the operator d\ 
and show that it coincides with the standard Euler operator, i.e., with 
the operator that takes a Lagrangian to the corresponding Euler-Lagrange 
equation. 

Let us compute the operators df n , p > 0. 
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Consider an element V G it)) and define the operator □ E 

CDiff(p +1 )(x(7r), A n (7r)) via 

p +1 

□(Xi, • • •, X P + 1 ) = ^(- 1 )* +1 9 Xi (V(xi, ■ ■ ■, Xi, ■ ■ ■, Xp+i)) 

i= 1 

+ (-!) l+J V({xi,Xi},Xi, (7-1) 

l<i<j<P+l 

Exercise 7.5. Prove that df’ u (V) = / U( p+ i)(D) (see page 33 for the definition 
of h(p+i)) • 

Remark 7.3. Needless to say that this fact follows from the standard for¬ 
mula for exterior differential. It needs however to be proved that one may 
use this formula even though V as an element of CDiff( p )(x, A") is not 
skew-symmetric. 

From (7.1) we get 

p 

□ (Xi, • • •, Xp+i) = ^(-l) l+1 9 Xi (V(xi, Xp))(Xp+i) 

i= 1 
P 

+ Xl( _1 ) l+lv (xi> • • • > Xu ■ ■ ■, Xp, 3xi(Xp+ 1)) 

i= 1 

l<i<j<p 

p 

+ ^(-l) l+J,+1 V({x*, XI, • • • > Xi, ■ ■ ■, Xp) 

i= 1 

= 5^( _1 ) ?+l9 x i ( V (X 1 , • • •, Xi, ■ ■ ■, Xp))(Xp+ 1) 

i= 1 

+ (- 1 V ( { Xi- Xj } • X 1: • • • • Xi: • • • : Xj, ■■■: Xp I 1 ) 

l<i<j<P 

P 

+ 5^(- 1 ) t+lv (X 1 > • • • ,Xi, ■ ■ ■, XpJ X i(Xp+ 1 )) + (—l)^v( Xl ,..., Xp )(Xp+i)- 

i —1 
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Therefore 

<’ n (V)(xi, • • • ,Xp) = V(j>+ i)(n)(xi, • • • ,Xp) 

= £(-l) i+1 3x,(V(xi, Xr)) 

2=1 

+ ^(-i) l+J v({xi, xA, xi, • • •, x» • • •, Xj, ■ ■ ■, x P ) 

i<j 

+ £(-l) i+1 4(V(», X,)) + (-l^.*,)(!)• (7.2) 

2=1 

Exercise 7.6. Prove that 

^( V )(!) = + ^>(V0> V e ^ e Mo¬ 

using this formula, let us rewrite the last term of (7.2) in the following 


( _ 1 )^(V(xi,..,Xp))( 1 ) - “S( - 1 )*(^(V(X 1 .-.Xi,-,X,.,Xi))( 1 ) 

= “ S(- 1 ) i (^v(xi,..,x i ,..,x P )(^) + 4 ( V (a, • • • 7 Xi, • • Xj»)))- 

* 2=1 

Finally we obtain 

(V)) (x„...,*)- D-lfVfe, 

2=1 

+ 5^(-l)‘ +J V({xi, Xj})Xl.&„>•)&.X*) 


+ - E(- 1 ) i+1 ((» - ir*(v(x.. .%,» - <v (x ,.*,.*„,(*)). 

^ 2=1 

In particular, for p — 1 we have (^’"(V’Xv 7 ) = 3 ¥ ,(^) — £^((p) = £,/,(</?) — 
£^(<p), E x(7r), (p E x(7r), that is 

dJ ,B W=4-^- 

Consider the following complex, which is said to be the (global) varia¬ 
tional complex , 

J j J T ~i il,n, , 2 ,n 

n -r/Vl A aP^I A ... A a»u^ 1 A zA n /Vl 1 . 1 . . . . 


0 -*• A(tt) A A 1 (7t) 


A n (vr) A ^-"(tt) ^’"(tt) 
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where operator E is equal to the composition of the natural projection 

dP ,n 

A"(7r) —> H n ( 7r) and the operator H n {ji ) -d—> E-[’ n (7r) 15 . 

In view of Corollary 7.2 on page 114, the cohomology of this complex 
coincides with H*(J°(ir)). 

The operator E is the Euler operator (see Exercise 7.4 on page 114). It 
takes each Lagrangian density u G Aq(7t) to the left-hand part of the cor¬ 
responding Euler-Lagrange equation E(cu) = 0. Thus the action functional 

«•—»•/* joo(s)*M, s g r(vr), 

J M 

is stationary on the section s if and only if joo(s)* (E M) = o. 

If the cohomology of the space J°( tt) is trivial, then the variational com¬ 
plex is exact. This immediately implies a number of consequences. The 
three most important are: 

(1) ker E = im d (“a Lagrangian with zero variational derivative is a total 
divergence”); 

(2) du = 0 if and only if to is of the form u = dr}, to G A n-1 (7r) (“all zero 
total divergence are total curls”); 

(3) A/, = if and only if 0 is of the form -0 = E(cu), 0 G k{i r) (this is 
the solution of the inverse problem to the calculus of variations). 

Now suppose that we are given -0 G k(n) such that A/, = 0),. How one 
can find a Lagrangian to such that 0 = E(ca)? To this end take a one- 
parameter family of hberwise transformations G t : E — > E, 0 < t < 1, of 
the space of the bundle tt: E —> M, with G 0 = 0 and G\ = id#. Consider 
the corresponding family of evolutionary vector held 0^ t , i.e., 

4- G f 0 * = 0„ f o Gf° } * 

dt 1 w t 

for t > 0. Let us compute the correspondent Lie derivative 0^(0) (which is 
different from the usual “component-wise” derivative). Take G A n ®C 1 A, 
dfl = 0, that represents 0 . Then 0^(0) = dc(^(0^))- Therefore 0^(0) = 
E(0(</?0). Hence 

4g<~>*W) = E(G<~>*(,% t ))), 

and integrating this with respect to t, we obtain the following homotopy (or 
inverse) formula 

^ = E (/ dt ) ’ 

15 Below we use the notation E for the operator d j 1 ’" : H n {-n) —> E\' n {yt) as well. 



118 


Take, for instance, G t (e x ) = te x , e x G E x = n 1 (x). Then <p\ 


have 





u 


and we 


t 


Exercise 7.7. Let A e CDiff(P, A n (7r)). Using the Green formula and Ex¬ 
ercise 7.6 on page 116, prove that for any one has 

E(A(P» = <;(A*(1)) + t A . (1) (p). 

Deduce from this formula that for any tp G x(7r) and u G A” (n) the following 
equality holds 

E(9,H) = 3,(EM) + f;(E(a;)). 

Exercise 7.8. Let J = (Jo, Ji,..., J n ) be a conserved current for an evolu¬ 
tion equation E = {u t = f(t, x, u, u x , u xx , Using the previous exercise, 
prove that the vector-function if = E(Jo), where Jq is the ^-component of 
the conserved current that is regarded as a function of (t, x, u, u x , u xx ,...), 
satisfies the equation 

A(^)+W) = ° 

(cf. Theorem 7.11 on page 124). 


7.3. The term E\ for an equation. Let £ be an equation, 

P 0 = x % p 1 p 2 Aa p 3 Aa p 4 ... 
be the compatibility complex for the universal linearization operator, and 


~ „ i* F 

Pn = X <- 


- A? ~ A£ ~ 

Pi ^ P2 <-*- P 3 


A3 £ AJ 

<- Pi < - 


be the dual complex. Take a C-module Q. 


Theorem 7.3. For any equation E and a C-module Q one has 

H n ~ i (C l K®Q) = H i {P.®Q). 

Proof. The statement follows immediately from (6.7) on page 110 and 
Proposition 3.30 on page 68. □ 

Let Q = C p A. The theorem gives a method for computing the Vinogradov 
C-spectral sequence. Namely, since the term E p ' 9 = H q {C p A) of the Vino¬ 
gradov C-spectral sequence is a direct summand in the cohomology group 
H q (C l A®C p ~ l A), we have a description for the first term of the Vinogradov 
C-spectral sequence. Thus: 

Corollary 7.4. The term E p,q of the Vinogradov C-spectral sequence is the 
skew-symmetric part of the group H n _ q (P, ® C p ~ l A). 
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It is useful to describe the isomorphisms given by this corollary in an 
explicit form. 

Consider an operator V G CDiff(x, A q 8 C p_1 A) that represents an ele¬ 
ment of E p,q . This means that 

J o V = Vi o 4 

for an operator Vi G CDiff(Pi, A IJ+1 (8) C p ~ l A). Applying the operator d to 
both sides of this formula and using Exercise 1.3 on page 13, we get 

Jo Vi = V 2 o A x 

for some operator V 2 G CDiff(P 2 , A q+2 8 C p_1 A). Continuing this process, 
we obtain operators V, G CDiff(P*, A q+l 8 C p ~ l A), i — 1, 2,..., n — q, such 
that 


d o Vj_i = Vi o Aj_i. 


For i = n—q, this formula means that the operator V n - q G CDiff(P n _ 9 , A n 8 
CP -1 A) represents an element of the module P n - q 8 C p - 1 A that lies in the 
kernel of the operator A*_ This is the element that gives rise to the 
homology class in H n _ q (P, 8 C p - l A) corresponding to the chosen element 
of E{’ q . 

If the compatibility complex has the length k , 


Pn = 


x 


Pi 


P 2 


Ps 


A3 


Pk-l —* 0, 


then E p,q = 0 for p > 0 and q < n — k. This is the k-line theorem for the 
Vinogradov C-spectral sequence. 

In the case k = 2, i.e., for f'-normal equations, the two-line theorem holds: 


Theorem 7.5 (the two-line theorem). Let £ be an normal differential 
equation. Then: 

(1) E\' q = 0 for p > 0 and q < n — 2, 

(2) E p ' n ~ l C ker(^)cp-i A for p > 0, 

(3) Pf’ n C coker(£^) C p-iA for p > 0. 


This theorem has the following elementary 


Corollary 7.6. The terms E p,q (£) of the Vinogradov C-spectral sequence 
satisfy the following: 

(1) E p ’ q (£) = 0 if p > 1, q ^ n — l, n, 1 <r< 00 ; 

(2) E™(£) = E p J(£); 

(3) E°^(£) = E°J(£) = H q (£°°), q<n- 2; 

( 4 ) E°’ n -\£) = E^-pS) = H n -\£°°)] 

( 5 ) E*r\£) = E^~\£). 
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Example 7.1. For an evolution equation £ = {F = ut — 

f(x, t, u, u x , u xx .. .) = 0} the two-line theorem implies that the Vinogradov 
C-spectral sequence is trivial for q ^ 1, 2, p > 0, and exactly as in Exam¬ 
ple 6.5 on page 111 one proves that E\' 1 = 0 for p > 3. 

7.4. Example: Abelian p-form theories. Let M be a (pseudo-)Rieman- 
nian manifold and 7r: E —> M the p-th exterior power of the cotangent 
bundle over M, so that a section of 7r is a p-form on M. Evidently, on the 
jet space ) there exists a unique horizontal form A e A p (J°°(7r)) such 
that j^(u j)(A) = to for all ui G A P (M). Consider the equation £ = {F = 0}, 
with F = d*dA, where * is the Hodge star operator. Our aim is to calculate 
the terms of the Vinogradov C-spectral sequence E l { 9 (£) for q < n — 2. We 
shall assume that 1 < p < n — 1 and that the manifold M is topologically 
trivial. 

Obviously, we have P 0 = x = A p , = A r,-p , and = d*d : A p —> A n_p . 
Taking into account Example 1.2 on page 24, we see that the compatibility 
complex for Eg has the form 

A p —A n_p —A n_p+1 —> ••• —i—». A n -> o 

I II II II (7 ' 3) 

P 0 Pi P'2 Pk-1 

Thus k = p + 2 and the A:-line theorem yields E l { q = 0 for % > 0 and 
q < n — p — 1. Since the Vinogradov C-spectral sequence converges to 
the de Rharn cohomology of £°°, which is trivial, we also get E^’ q = 0 for 
0 < q < n — p — 1, and dim E x ’ 0 = 1, i.e., H 1 = H 2 = ■ ■ ■ = H n ~ p ~ 2 = 0 and 
dimP° = 1. Next, consider the terms E l { y for n — p—1 < q < 2{n — p — 1) 
and i > 0. In view of Corollary 7.4 on page 118 one has 

E\ q C A ) = E i-hq~(n-p-l) ^ 

because the complex dual to the compatibility complex (7.3) has the form 

A n ~ p < £ A p —- A p_1 — • • • ! -— F a - 0 . 


Po Pi P2 Pp+i 

(Throughout, it is assumed that q < n — 2.) Thus we obtain E\ ,q = 0 for 
n — p — 1 < q < 2 (n — p — 1), i > 0 and dimE' x ’ n_p_1 = 1. Again, taking 
into account that the spectral sequence converges to the trivial cohomology, 
we get Ei’ q = 0 for n — p — 1 < q < 2(n — p — 1) and dimE° l ' n p ^ 1 = 1. 
In addition, the map d 0 { n ^ p l : pPn-p-i - g an isomorphism. 

Explicitly, one readily obtains that the one-dimensional space j s 
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Diagram 7.1 


generated by the element *dA e A" p 1 and the map d°{ n p 1 takes this 
element to the operator *d: x = A p —> A n ~ p ~ 1 , which generates the space 

El’ n ~ p -\ 

Further, let us consider the terms E\ q for 2 (n—p — 1) < q < 3 (n — p — 1). 
Arguing as before, we see that all these terms vanish unless q = 2 (n — p — 1) 
and i = 0,1,2, with dim = 1 and dim E l { 2ijl ~ p ~ V) < 1, i — 0, 2. 

To compute the terms E l ^ n p ^ for i = 0 and i — 2, we have to consider 
two cases: n — p — 1 is even and n — p — 1 is odd (see Diagram 7.1). 

In the first case, the map d\ 2(jL p : E^' 2 ^ 1 p ^ —> E 2 ' 2< ~ n p is trivial. 
Indeed, the operator ( *dA ) A *d: x = A p —>• A 2 ( n -p- 1 ) ; which generates the 
space E \’ 2( '“ p_1 \ under the mapping dj’ 2 *-' 1 v 1) is the antisymmetrization 
of the operator (cai,^) ^ (*du>i) A (*du> 2 ), oq G x = A p . But this operator 
is symmetric, so that d\ 2<pn ~ p ~ 1 ^ = 0. Consequently, ^, 2 (n-p-i) _ q an q 
dim!7°’ 2< ' n p ^ = 1. This settles the case when n — p— 1 is even. 

In the case when n — p — 1 is odd, the operator (aq, aq) (*dcoq) A (sdaq) 
is skew-symmetric, hence the map d^' 2 ^" p 1 ■’ is an isomorphism. Thus, 
dim E 2 * n - p ~V = i and e ^~p ~D = 0 . 

Continuing this line of reasoning, we obtain the following result. 

Theorem 7.7. For i = q = 0 one has dim E®’° = 1 .If either or both i and 
q are positive, there are two cases: 
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dim E{ q = 


(1) if n — p — 1 is even then 

1 for i = l(n — p — 1) and q = 0,1, 

0 otherwise ; 

(2) if n — p — 1 is odd then 

1 for i — l(n — p — 1) and q — l — 1, l, 
0 otherwise. 


Here 1 < l < 


dim E\' 9 = 

1 


n 


n — p — 1 


In other words, let A be the exterior algebra generated by two forms: 
U\ = *dA G A n ~ p ~ 1 and u> 2 = di(ujf) = *d G A n_p “ 1 (8) C 1 A; then we see 
that the space q < n - 2 is isomorphic to the subspace of A containing 
no forms of degree q > n — 2. 


7.5. Conservation laws and generating functions. We start by de¬ 
scribing the differentials and d\’ n ~ 1 for an ^-normal equation since 

they directly relate to the theory of conservation laws. 

Suppose that an ^-normal equation S C J k {i r) is given by a section F G 

F(nA) = P. 

Proposition 7.8. The operator 

d°f n - 1; E^ n ~ l {8) = H n -\S ) El’ n -\£) = ker (is)* C P 

has the form 

d 0 { n ~\h) = D*(l), 

where h = [a;] G H n ~ l (£), u G K n ~ l (£) and □ G CDiff(P, A n (£)) is an 
operator satisfying du = □(F). 

Proof. We have d o £ 0J = □ o £ s . Thus □ is an operator that represents the 
element d5’ n_1 (/i) G E\ ,n ~ l {£). Hence dAf n ^ l {h) = n*(l). □ 

Proposition 7.9. The term F^’ n-1 (£) can be described as the quotient 

{ V G CDiff(x, P) | ^ o V = V* o 4 }/0, 

where 0 = { □ o £ e | □ G CDiff(F, P), □* = □ }. 

Proof. Take a horizontal (n — l)-cocycle with coefficients in C l K®C l A. Let 
an operator A G CDiff(x, P) corresponds to this cocyclc by Theorem 7.3 
on page 118. Then there exists an operator A G CDiff(P, P) such that 
o A = A o £ £ . By the Green formula we have 

(^( A (Xi)),X2) - (A(x!),4(x 2 )) = d(A i(xi,x 2 )), 
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where xi,X 2 £ x, and Ai e CDiff( 2 )(x, A n x ). The cocycle under consider¬ 
ation belongs to if the operator Ai is skew-symmetric: 

Ai(xi, X 2 ) = -A 1 (x 2 ,Xi) mod K, 

where K C CDiff( 2 )(x, A n_1 ) is the submodule consisting of the operators 
of the form y(xi, X 2 ) = 7i_(4(xi), X 2 ) + 72 ( 4 (% 2 ), Xi) for some operators 
71,72 ^ CDiff(P, CDiff(x, A n_1 )). In this case 

(^( a (7i)),X2) - (A(xi),4(x 2 )) = -<5(A(x 2 )),Xi> + ( A (X2),4(xi)) 

= -(^(A(x 2 )),Xi) + (X 2 , A*(4(xi))) 

= — (A(£ f (x 2 )), Xi) + (X 2 , ^(A*(xi))) 

modulo dK. This implies A = A* + B o i £ for an operator B e CDiff(P, P). 
One has o P o = ££ o A — i* £ o A* = ££ o A — A* o hence B* = —P. 
Now we see that the operator V = A— \B o £ £ satisfies IJoV = V* o i £ . 
The operator V is dehned modulo the operators of the form □ o l £ . We 
have i* £ o □ o i £ — l* £ o □* o £ £ , so that □* = □. □ 

Proposition 7.10. The operator d \ n ~ l : E l { n ~\£) = ker££ -> E 2 { n ~\£) 
is given by 

= (£^ + A*) mod 9, 

where A e CDiff(P, k) is an operator satisfying = A(P). 

Proof. By Green’s formula on J°°( n) we have 

(VhMx)) - (^W.x) = d(D(x)), 

where x G x(7r), D G CDiff(x(7r), A n ^ 1 (7r)) = C l A{ji) ® A n_1 (7r). Let us 
compute do d c (D) e C 2 A(7t) (8) A n (7r): 

d(dc(D)(Xi,X 2 )) = 9 xi (d(n(x 2 ))> -9 X2 (rf(D(xi))) - d(D({xi, Xa})) 

= 9 xi((^,^(X 2))) - 9x 2 ((tMF(xi)» - (^,^f({xi,X2})) 

- 9xi((4W, X 2 )) + 9 X2 ((4’W, Xi)) + (4(V0, {xi, X 2 }) 

= (4(xi),Mx 2)) “ (^fe), Af(xi)) - {£a(f) (xi), X 2 ) + {£a(F){X 2 ), Xi)- 
Therefore, the restriction of do d c (D) to £°° equals to 

dod c (n)| foo (xi,X2) 

= (4(Xi),4(X2)) - (4(X2),4(xi)) - (A(4(xi)),Xa) + (A(4(xa)),Xi) 
= {{£■# + A*)(xi), £s(X 2 }) ~ ((A/> + A *)(X 2 ), ^(Xi)) + d7(xi, X 2 ), 
where 7 G /X. This completes the proof. □ 
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Now we apply these results to the problem of computing conservation 
laws of an ^-normal differential equation £. 

First, note that for a formally integrable equation £ the projections 
£( fc +d £( k ) are a ffi ne bundles, therefore A fc+1 ) and £^ are of the same 
homotopy type. Hence, H *(£°°) — H*(£). 

Further, it follows from the two-line theorem that there exists the follow¬ 
ing exact sequence: 

,0,n—l 

0 -> H n ~\£) -> H n ~\£) -* ker (£ e )* . 

Recall that the group H n ~ l (£) was interpreted as the group of conserva¬ 
tion laws of the equation £ (see the beginning of Section 6 on page 101). 
Conservation laws to G H n ~ r (£) C H n ~ 1 (£) are called topological (or rigid), 
since they are determined only by the topology of the equation £. In par¬ 
ticular, the corresponding conserved quantities do not change under defor¬ 
mations of solutions of the equation £. Therefore topological conservation 
laws are not very interesting for us and we consider the quotient group 
cl(£) = H n ~ l (£) / H n ~ l (£) , called the group of proper conservation laws of 
the equation £. The two-line theorem implies immediately the following. 

Theorem 7.11. If £ is an £-normal equation, then 

cl(£) C ker t & . 

If, moreover, H n (£) C H n (£) (in particular, H n (£) = 0), we have 

e\(£) = ker d*’ n_1 . 

Element if} G ker ££ that corresponds to a conservation law [cu] G cl(£) is 
called its generating function. 

Theorem 7.11 gives an effective method for computing conservation laws. 

Remark 7.4. In view of Proposition 7.9 on page 122, elements of 
can be interpreted as mappings from ker££ to ker^g, i.e., from generating 
functions of conservation laws to symmetries of £. 

Proposition 7.12. Let £ = {u t = f{t,x,u,u x ,u xx ,...)} be an evolution 
equation and J = (Jo, Ji, ■ • •, J n ) a conserved current for £. Then the 
generating function of J is equal to if — E(J 0 ), where Jo is the t-component 
of the conserved current that is regarded as a function of (t, x, u , u x , u xx ,...). 

Proof. The restriction of the total derivative D t to the equation £°° has the 
d d I 

form: D t = — + Qt. Hence —- + 9f(Jo) + A(J*) = 0. On the other 

dt dt 

d 3 J 

hand, D t = — + Q Ut , therefore D t (J 0 ) + Yh=i A(Ji) = Ao) - 

3 J 

-Qf - 9/W = But-f(Jo) = tjo(ut - /). Thus = t Jo ( 1) = E(Jo). □ 
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Let (p G ker A- be a symmetry and [cn] G H n l {£) a conservation law of 
the equation £. Then [9 v (u;)] is a conservation law of £ as well. 

Proposition 7.13. If G ker l* £ is the generating function of a conser¬ 
vation law [( jS\ of an 1,-normal equation £ = {F = 0}, then the generating 
function of the conservation law [9^,(0;)] has the form 9^(-0) +A*(-0) ; where 
the operator A G CDiff(P, P) is defined by 0 ¥> (F) = A(F). 

Proof. First, we have 

(Vh 4(x)) = dL(x) + dj{£ £ {x)), X e x, 
where 7 G CDiff(P, A n_1 ). Using the obvious formula 

4> xl (r,)(X2) = 9 X i(4(X2)) -Zti({Xi,X2}), XuXi^x, V) G A", 
where {•, •} is the Jacobi bracket (see Definition 3.31 on page 66, we obtain 

di& v (u)(x) = d(B^{L(x)))~d(L(W, x})) = ^ML(x)))-d(L{{F,x})) 
= 4(x))) - (^,4 ({<a x})) - (4(x))) + x})) 

= (9 v (V0» 4(x)) + (^, (9^(4 (x)) - 4({<P x}))) + dy(4(x)) 

= (9 v (^),4(x)) + (^, 4 v (F)| £ oc) + dV(4(x)) 

= (9^ W, 4(x)> + (V’j A (4(x))) + dy(4(x)) 

= ((9 V + A*)(V0,4(x)> + ^7 // (4 (x)) ) 

where 7',7" G CDiff(P, A™^ 1 ). This completes the proof. □ 

7.6. Generating functions from the antifield-BRST standpoint. A 

differential equation £ = {P = 0}, P G P, is called normal, if any C-diffcr- 
ential operator A, such that A(P) = 0, vanishes on £°°. A normal equation 
is obviously ^-normal. 

Consider a normal equation £ and the complex on J°°( n) 

0 <- F 4- CDiff(P, F) CDiff$(P, F) CDiffg(P, F) 4 • • • , 

<5(A)(p l5 ... ,pif) = A (F,pi,... ,Pk), Pi G P. This complex is exact in all 
terms except for the term F. At points 6 G £°°, the exactness follows 
immediately from the normality condition. At points 6 (f £°°, this is a 
well known fact from linear algebra (see Example 8.5 on page 138). The 
homology in the term F is clearly equal to F{£). 

In physics, this complex is said to be the Koszul-Tate resolution , and 
elements of CDiff^A (P, F) are called antifields. 
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Consider the commutative diagram 
0 0 


0 <- A" 


0 <- A 


0 <- A 


CDiff (P, A r ‘ 


d 

d 


1 - 1 CDiff (P, A" -1 ) 

CDiffg( 

d 

d 


^ 2 CDiff(P,A re - 2 ) 

<- J - CDiffg( 

d 

d 



CDif'f'g (P, A n ) 

d 

D A n—11 


[ re - 2'1 


From the standard spectral sequence arguments (see the Appendix) and 
Theorem 2.8 on page 32 it follows that H q (£ ) = H n _ q (Ll h (P), 8). Since the 
complex (L^ It (P), 8) is a direct summand in the complex (CDiff^(P, P),8), 
it is exact in all degrees except for 0 and 1. This yields the two-line theorem 
for normal equations. We also get 

H n ~\£) = H^Lf (P), 8) = { ^ e P mod T \ (ij>, F) e JA”” 1 }, 

where T = {^eP \ tp — □ {F% D £ CDiff (P, P), □* = —□ }. The condi¬ 
tion (ip,F) G dA" -1 is equivalent to 0 = E(-0,F) = £ F (ip) + £^(F). So we 
again obtain the correspondence between conservation laws and generating 
functions together with the equation = 0. 

7.7. Euler—Lagrange equations. Consider the Euler-Lagrange equation 
S = (E(£) =0} corresponding to a Lagrangian C = [ca] G H n (n). Let 
ip G x(7r) be a Noether symmetry of £, i.e., 9 ¥ ,(£) = 0 on 

Exercise 7.9. Using Exercise 7.7 on page 118, check that a Noether sym¬ 
metry of C is a symmetry of the corresponding equation £ as well, i.e., 
syrn(C) C syrn(C). 

Exercise 7.10. Show that if ^’"(C) = 0, then finding of Noether sym¬ 
metries of the Lagrangian C = [oj] amounts to solution of the equation 
*i(W) = £e(C)(e) + £*(p{ E(£)) = 0. (Thus, to calculate the Noether 
symmetries of an Euler-Lagrange equation one has no need to know the 
Lagrangian.) 
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Let 3,p(uj) = du, where u G A” 1 (7r). By the Green formula we have 

&<p(u) - du — £ w (p) - du — E u {l)(p) + dryfp) - du 

= E(£)(p) + d^iip) -u) = 0. 
Set 

V = (^-7M)lf=o e A n_1 (£). 

Thus, d r)\ £oo = 0, i.e., [?/] G H n ~ 1 (S) is a conservation law of the equation 
£. The map 

sym(£) - *>.-fo], 

is said to be the Noether map. 

An arbitrariness in the choice of uj and u leads to the multivaluedness of 
the Noether map. 

Exercise 7.11. Check that the Noether map is well defined up to the image 
of the natural homomorphism H n ~ l {Ti) —> H n ~ l {£). 

Proposition 7.14. If the Eider-Lagrange equation £ corresponding to a 
Lagrangian C is £-normal, then the Noether map considered on the set of 
Noether symmetries of C is inverse to the differential d°’ n_1 . 

Proof. On J°°(7r) we have 

d£ v (x) = (x) = (^e (C)(x)iP) + (E(£),^( X )). 

Therefore on £°° we obtain d£ v (x) = {^■e{x)i l P)i be., ^i’ n_1 (M) = <P- □ 

Remark 7.5. The Noether map can be understood as a procedure for finding 
a conserved current corresponding to a given generating function. 

Thus, we see that if 3^ is a Noether symmetry of a Lagrangian, then 
p is the generating function of a conservation law for the corresponding 
Euler-Lagrange equation. This is the (first) Noether theorem. Note that 
since for Euler-Lagrange equations one has £* s = £ £ , the inverse Noether 
theorem is obvious: if p is the generating function of a conservation law for 
an Euler-Lagrange equation, then p is a symmetry for this equation. 

Let us discuss the Noether theorem from the antiheld-BRST point of 
view. Consider a 1-cycle p G x of the complex L'^f k). We have (p, E(cu)) G 
dA n_1 , where u is a density of the Lagrangian C = [a;]. Hence G 

dA’ 1 ” 1 and, therefore, 9 ¥ ,(£) = 0, i.e., p is a Noether symmetry. Thus, the 
Koszul-Tate resolution gives a homological interpretation of the Noether 
theorem. 

Now, suppose that the Lagrangian has a gauge symmetry, i.e., there exist 
an jE-modulc a and a C-differential operator R: a x such that R(a) 
is a Noether symmetry for any a G a. This means that 9#(«)(£) = 0 or 
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ic°R = 0. Hence R*o£* c = 0 and, finally, R*(I* C ( 1)) = i?*(E(£)) = 0. Thus, 
if the Lagrangian is invariant under a gauge symmetry, then the Noether 
identities i?*(E(£)) = 0 between the Euler-Lagrange equations hold (the 
second Noether theorem). 

7.8. The Hamiltonian formalism on J°°(7r). Let A G CDiff(x(7r), x(7r)) 
be a C-diffcrential operator. Define the Poisson bracket on H n (n) corre¬ 
sponding to the operator A by the formula 

{cui, 0 ^ 2 }a — (^4(E(o;i)), E(ca2)), 

where (, ) denotes the natural pairing x(ir) x k(n) —> H n (n). 

The lemma below shows that the operator A is uniquely determined by 
the corresponding Poisson bracket. 

Lemma 7.15. Let n: E —> M be a vector bundle. 

(1) Consider an operator A G CDiff(q(x(7r), P), where P is an tF( tt)- 
module. If for all uq,... ,ui G H n ( tt) one has 

A(E(u;i),..., E(o;/)) = 0, 

then A — 0. 

(2) Consider an operator A e CDiff(q(x(7r), A n (7r)). If for all cohomology 
classes co 1 ,... ,o y E H n (n) the element H(E(cni),..., E((U;)) belongs to 
the image of d, then irn A c im d. i.e., pg-i )(H) = 0 (see Subsection 
2.4). 

(3) Consider an operator A e CDiff(j_i)(x(7r), x(7r)). If for all elements 
Ui,... ,ui G H n (7i) one has (H(E(o;i),..., E(o;/_i)), E(o;/)) = 0, then 
A = 0. 

Proof. (1) It suffices to consider the case 1 = 1. Obviously, on J°°(n) every 
element of kfn) = !F (of the form 7 r*(/), with / G r(vr), (in other 
words, every element of k(ir) depending on base coordinates x only) can 
locally be presented in the form 7 r*(/) = E(cn) for some u G A n (7r). Thus 
A(n*(f)) = 0 for all /. Since A is a C-differential operator, this implies 
A = 0. 

(2) It is also sufficient to consider the case / = 1. We have E(A(E(ca))) = 
0. LIsing Exercise 7.7 on page 118, we get 

0 = E(A(E(c))) = t EH (A*( 1)) + ^. (1) (E(a;)) 

for all oj G A”(7t). As above, we see that for any / G r(7r) there exists u> G 
A n (7r) such that 7 r*(/) = E(ca). Since £ n *(f) = 0, we obtain (7r*(/)) = 0. 
Hence = 0, so that 0 = E(A(E(ca))) = P^^(A*(1)). 

Exercise 7.12. Prove that locally there exists a form u G A n (n) such that 
Ie(oj) is the identity operator. 
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Using this exercise, we get 0 = A*(l) = fJ,(A), which is our claim. 

(3) The assertion follows immediately from (1) and (2) above. □ 

Definition 7.1. An operator A G CDiff(x(-7r), x(7r)) is called Hamiltonian , 
if its Poisson bracket defines a Lie algebra structure on H n (n), i.e., if 

{u\iU2}a = — {<^2, U\}ai (7-4) 

{{^li ^ 2 }A: ^ 3 }A + {{<^ 2 , ^l}A + {{<^ 3 > Ai ^ 2 }A = 0 . ( 7 - 5 ) 

The bracket { , }a is said to be a Hamiltonian structure. 

Proposition 7.16. The Poisson bracket { , }a is skew-symmetric, i.e., con¬ 
dition (7.4) holds, if and only if the operator A is skew-adjoint, i.e., 
A = -A*. 

Proof. Since 

{u\,U2}a + {<^ 2 , u\}a = ((A + A*)(E(u;i)), E(ca2)), 

the claim follows immediately from the previous lemma. □ 

Now we shall prove criteria for checking an arbitrary skew-adjoint op¬ 
erator A G CDiff(x(7r), x(7r)) to be Hamiltonian. For this, we need the 
following 

Lemma 7.17. Consider an operator A G CDiff(x(7r), x(7r)) and an ele¬ 
ment if G x(7r). Define the operator £ a,^ G CDiff(x(7r), x(7r)) by 

P-aAv) = (£a{t))W V e x(k). 

Then 

(7.6) 

Proof. By the Green formula, 

(A(ipi), fa) = ('tpi,A*('if 2 )). 

Applying 9^ to both sides, we get 

= (ifi, D v5 (A*)('0 2 )), 

and so 

MM = {4>i Ja*^ 2 (t))- 

Again the Green formula yields 

i),<p), 

and the lemma is proved. □ 

Theorem 7.18. Let A G CDiff(x(7r), x(7r)) be a skew-adjoint operator ; 
then the following conditions are equivalent: 

(1) A is a Hamiltonian operator ; 
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(2) (£ A (A(lf l))(^ 2 ),^3> + {£ A {A{^ 2 )){^)M + {Ia{A{^z)){^i)A2) = 0 

for all f>3 e x(7r); 

(3) £a,iI>i(A fiff)) ~ £ A ,te(A(i>i)) = A^^fiff)) / or al1 ^i>^2 e x(tt); 

(4) the expression £ Aj ^ (A{if 2 )) + (^ 2 )) symmetric with respect 

to ifi,if 2 e M 71- ); 

(5) [0A(V<)> "4] = ^4(v>) ° A + A o /or all if G imE C x( 7 r). 

Moreover, it is sufficient to verify conditions (2)-(4) for elements ifi G im E 
only. 

Proof. Let coi, 602,023 G H n fn) and ipi = E(cOj). The Jacobi identity (7.5) on 
the page before yields 


{{^1,^2}a, ^3}a = j> - 3 A ^ 3 ){A(f l),f 2 ) 

= j ~{£ A (A(ip 3 ))(ipi),ip 2 ) + < 24 (^ 2 ), £^(A(ip 3 ))) - {A(ipi),£^(A(il} 3 ))) 

= ^ -(£A(A(ip 3 ))(ifi),ip 2 ) = 0, 

where as above the symbol j> denotes the sum of cyclic permutations. It 
follows from Lemma 7.15 on page 128 that this formula holds for all G 
x(7r). Criterion (2) is proved. 

Rewrite the Jacobi identity in the form 

(£4,^1 (A(if 2 )), -0s) + (AMJa^M) - = 0. 

LIsing (7.6) on the page before, we obtain 

(£a,^(A(j/> 2 )), fa) - (£a,^ 2 ( a M), "03) - (A{£* A ^(fa)),fa) = 0, 

which implies criterion (3). 

The equivalence of criteria (3) and (4) follows from (7.6) on the preceding 
page. 

Finally, criterion (5) is equivalent to criterion (3) by virtue of the following 
obvious equalities: 

[9a(^ 2 ), A ](fa) = £ A ^ 1 (A(if 2 )), 

£ A ,i, °A = £ aw oA-Ao^oA. 

This concludes the proof. □ 

Example 7.2. Consider a skew-symmetric differential operator A: T(vr) —> 
T(7t). Then its lifting (see Definition 3.25 on page 59) C A: k{ir) —> x(7r) is 
obviously a Hamiltonian operator. 
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Exercise 7.13. Check that in the case n = dimM = 1 and m = dini7r = 1 
operators of the form A = Df + (a + (5u)D x + ^—u x are Hamiltonian. 

Let A: x(ir) —» x(i r) be a Hamiltonian operator. For any c o G H n (n) the 
evolutionary vector field X w = 9a(e(w)) is called Hamiltonian vector field 
corresponding to the Hamiltonian uj. Obviously, 

^ 1 (^ 2 ) = (dE(wi),E(w2)) = { u > i , u > 2 } a - 

This yields 

X{u>i = {{^ 1 - 1 ^ 2 }A-I^}A — {<^1, {^2i^}a}a — {<^2; {^1,C u}a}a 

(X UJl o X.^2 0 , -X^2 ] (^) 

for all u> G H n (n). Thus 

^{oJi,W 2 }a = ] * (7-7) 

As with the finite dimensional Hamiltonian formalism, 7.7 implies a result 
similar to the Noether theorem. 

For each 7i G H n ( tt), the evolution equation 

ut = A(E{H)), (7.8) 

corresponding to the Hamiltonian H is called Hamiltonian evolution equa¬ 
tion. 


Example 7.3. The KdV equation u t = uu x + u xxx admits two Hamiltonian 
structures: 



and 

„=(fl» + f«D, + i M ,) (e(£)). 

Theorem 7.19. Hamiltonian operators take the generating function of a 
conservation law of equation (7.8) to the symmetry of this equation. 


Proof. Let A be a Hamiltonian operator and 

o;o(t) + d>i(t) A dt G A”(7t) © A n_1 (7r) A dt 


be a conserved current of equation (7.8). This means that D t (Uo(t)) = 0, 
where u o(t) G H n ( 7r) is the horizontal cohomology class corresponding to 
the form u) 0 (7), and D t is the restriction of the total derivative in t to the 
equation. Further, 


DtipJ 0 ) 


du) Q 

dt 


+ 9yl(E(W))(wo) 


du 0 

dt 


+ {77, a;o}. 



132 


This yields 

d 

fyXujo + [XhjXu o ] = 0 . 

Hence X^ 0 = 0a(e(oj o )) * s a symmetry of (7.8) on the page before. It remains 
to recall that E(cno) is the generating function of the conservation law under 
consideration (see Proposition 7.12 on page 124). □ 

Remark 7.6. Thus Hamiltonian operators are in a sense dual to elements of 
£p n_1 (cf. Remark 7.4 on page 124). 

7.9. On superequations. The theory of this and preceding sections is 
based on the pure algebraic considerations in Sections 1 and 2. Therefore 
all results remain valid for the case of differential superequations, provided 
one inserts the minus sign where appropriate (detailed geometric definitions 
of superjets, super Cartan distribution, and so on the reader can find, for 
example, in [44, 45]). So we discuss here only a couple of somewhat less 
obvious points and the coordinates formula. 

Let M be a super manifold, dim M = n\m, and n be a superbundle over 
M, dim7T = s\t. The following theorem is the superanalog of theorem 2.2 
on page 28. 

Theorem 7.20. (1) A s = 0 for s ^ n. 

(2) A n is the module of sections for the bundle Ber(M), the latter being 
defined as follows: locally, sections ofBev(M) are written in the form 
f(x)D(x), where f G C°°(U) and D is a basis local section that is 
multiplied by the Berezin determinant of the Jacobi matrix under the 
change of coordinates. The Berezin determinant of an even matrix 
(c d) e Q ua l t° det(H — BD~ l C)( detP>) _1 . 

Proof. The assertion is local, so we can consider the domain U with lo¬ 
cal coordinates x = i = l,...,n, j = l,...,m, and split the 

complex (2.1) on page 27 Diff + (A*) in the tensor product of complexes 
Diff+(A*) even <g) Diff + (A*) odd , where Diff + (A*) even is complex (2.1) on the 
underlying even domain of U and Diff + (A*) odd is the same complex for the 
Grassmann algebra in variables £i,.,. , £ m . 

We have LP(Diff + (A*) even ) = 0 for i ^ n and LP(Diff + (A*) even ) = Ay, 
where A'h is the module of n- form on the underlying even domain of U. To 
compute the cohomology of Diff + (A*) odd consider the quotient complexes 

0 —» Smbl fe (A) odd —> Smblfc + i(A 1 ) odd —>•••, 

where Smbl/,(P) odd = Diff^(P) odd /Diff^_ 1 (P) odd . Then an easy cal¬ 
culation shows that these complexes are the Koszul complexes, hence 
iP(Diff + (A*)) odd = 0 for i > 0 and P°(Diff + (A*)) is a module of rank 
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1. Therefore Ai = iP(Diff + (A*)) = 0 for i ^ n and the only operators that 

d rn 

represent non-trivial cocyclcs have the form dy i A- • • Ady n — --— f(y,0- 

d£l ■ ■ ■ O^m 

To complete the proof it remains to check that A n is precisely Ber(M), 
i.e., that changing coordinates we obtain: 


dyi A • • • A dy r 


dT 


d£. 


-f 


1 . . . d£ m 

= dv i A • • • A dv r 


d n 


d ry . .. d ry 


-f Ber J 


))+T, 


where z = (v ll rjj) is a new coordinate system on U, Ber denotes the Berezin 
determinant, J ^ is the Jacobi matrix, T is cohomologous to zero. This 
is an immediate consequence of the following well known formula for the 
Berezin determinant: Ber(^®) = detA • det/J, where D is defined by 


(A B 
\C D 


) _1 = (Jf). 


□ 


The coordinate expression for the adjoint operator is as follows. Let 

<9M 

A e Diff(A, B) be a scalar operator A = Da CT -^— • Then 


A* = £( 


<9 H 

dXr, 


o a n 


Here the symbol of an object used in exponent denotes the parity of the 
object. 

Now, consider a matrix operator A: P —> Q, A = ||A*-||, where the matrix 
elements are defined by the equalities A (^2 a e a f a ) = p e^A^/^), {e*} 
is a basis in P, {e'} is a basis in Q. If D is even, then A* has the form 

D(A*)j = (—1) ( e i+ e 'j ) ( A + e d (D A]) *. 

If D is odd, then 

D((A*) n )* = (-i)( e *+ A )( e j-+i)+Aei( D A^)*, 

where (c d) U = (ba)* s the ff-transposition. 

Remark 7.7. One has (A**)*- = (— l) ei+e r A*-. 

Remark 7.8. There is one point where we need to improve the algebraic 
theory of differential operators to extend it to the supercase. This is the 
definition of geometrical modules that should read: 
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Definition 7.2. A module P over C°°(M ) is called geometrical, if 

n A p = °. 

x e M r< j 
fc> 1 

where M r( j is the underlying even manifold of M and /i x is the ideal in 
C°°(M ) consisting of functions vanishing at point x G M r( j. 
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Appendix: Homological algebra 

In this appendix we sketch the basics of homological algebra. For an 
extended discussion see, e.g., [37, 20, 7, 41, 8]. 

8.1. Complexes. A sequence of vector spaces over a field k and linear 
mappings 

ji— 1 . 1 M +1 

..._ ¥ Ji 1-1 —_> K 1 —> K l+1 — _> • • • 

is said to be a complex if the composition of any two neighboring arrows is 
the zero map: d l o d l ~ l = 0. 

The maps d l are called differentials. The index i is often omitted, so that 
the definition of a complex reads: d 2 = 0. 

By definition, im d l ~ 1 C kercf. The complex (K',d*) is called exact (or 
acyclic ) in degree i, if im d l ~ 1 = kercf. A complex exact in all degrees is 
called acyclic (or exact, or an exact sequence ). 

f 

Example 8.1. The sequence 0 —» L —> K is always a complex. It is acyclic 
if and only if / is injection. The sequence K M —> 0 is always a complex, 
as well. It is acyclic if and only if g is surjection. 

The sequence 

(8.1) 

is a complex, if g o f — 0. It is exact, if and only if / is injection, g is 
surjection, and im / = kerg. In this case we can identify L with a subspace 
of K and M with the quotient space K/L. Exact sequence (8.1) is called a 
short exact sequence (or an exact triple). 

Example 8.2. The de Rham complex is the complex of differential forms 
on a smooth manifold M with respect to the exterior derivation: 

_^ A*-l / yY* / 

The cohomology of a complex (K *, d *) is the family of the spaces 
H\K\d # ) =kercf/imcf- 1 . 

Thus, the equality H l (K*,d 9 ) = 0 means that the complex (K*,d*) is 
acyclic in degree i. Note that for the sake of brevity the cohomology is 
often denoted by H l (K*) or H l (d*). Elements of kerd* C K l are called 
^-dimensional cocycles , elements of im d l ~ 1 C K l are called ^-dimensional 
coboundaries. Thus, the cohomology is the quotient space of the space of 
all cocycles by the subspace of all coboundaries. Two cocycles k\ and &2 
from common cohomology coset, i.e., such that k\ — € im d l ~ 1 , are called 

cohomologous. 
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Remark 8.1. In the case of the complex of differential forms on a manifold 
cocycles are called closed forms, and coboundaries are called exact forms. 

Remark 8.2. It is clear that the definition of a complex can be immediately 
generalized to modules over a ring instead of vector spaces. 


Exercise 8.1. Prove that if 

-> Q l ~ l ► Q l -U Q* +i > ... 

is a complex of modules (and d l are homomorphisms) and P is a projective 
module, then H l (Q * Cg> P) = H l (Q *) g) P. 


Complexes defined above are called cochain to stress that the differentials 
raise the dimension by 1. Inversion of arrows gives chain complexes 

d i -1 ^ di T y d i +1 


Ki-i 


K, 


K, 


i +1 


homology, cycles, boundaries, etc. The difference between these types of 
complex is pure terminological, so we shall mainly restrict our considerations 
to cochain complexes. 

A morphism (or a cochain map) of complexes /: K* —» L * is the family 
of linear mappings /*: K l —> L l that commute with differentials, i.e., that 
make the following diagram commutative: 

d i_1 d i d i+1 

... -> jp- 1 — A -- > K l K i+1 — > ... 


••• -> U~ 

Such a morphism induces the map H l (f ): H l (K*) —> Pf l (L*), [ k] i —> [f{k)}, 
where A; is a cocycle and [ • ] denotes the cohomology coset. Clearly, 
H l (f o g) = H l (f) o PP(g) (so that H l is a functor from the category of 
complexes to the category of vector spaces). A morphism of complexes is 
called quasiisomorphism (or homologism) if it induces an isomorphism of 
cohomologies. 

Example 8.3. A smooth map of manifolds F : M\ —> M 2 gives rise to the 
map of differential forms F *: A*(M 2 ) —» A , (M 1 ), such that d{F*{u:)) = 
F*(d(uj)). Thus F* is a cochain map and induces the map of the de Rham 
cohomologies F*: PA*(M 2 ) —> In particular, if M\ and M 2 are 

diffeomorphic, then their de Rham cohomologies are isomorphic. 

Exercise 8.2. Check that the wedge product on differential forms on M 
induces a well-defined multiplication on the de Rham cohomology H*(M ) = 
0,- H l (M), which makes the de Rham cohomology a (super)algebra, and not 
just a vector space. Show that for diffeomorphic manifolds these algebras 
are isomorphic. 


P 


fi +1 


-»• U 


d\ . . 1 d T 

L 2+1 — 


i +1 
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Two morphisms of complexes f*,g V K* —> L * are called homotopic if 
there exist mappings s' 1 : K l —> L* _1 , such that 

f l - g l = s i+1 d i + d l ~ l s\ 

The mappings s l are called ( cochain ) homotopy. 

Proposition 8.1. If morphisms /* and g* are homotopic, then H l (f *) = 
H l (g *) for all i. 

Proof. Consider a cocycle z G K\ dz = 0. Then 

f(z) ~ g(z) = (sd + ds)(z) = d(s(z)). 

Thus, f(z) and g(z) are cohomologous, and so H l (f *) = H l (g *). □ 

Two complexes K* and L * are said to be cochain equivalent if there exist 
morphisms /*: K * —> L * and g *: L* —> Jl * such that g o f is homotopic to 
idx* and fog is homotopic to id L .. Obviously, cochain equivalent complexes 
have isomorphic cohomologies. 

Example 8.4. Consider two maps of smooth manifolds Fq, F\: M\ —> M 2 
and assume that they are homotopic (in the topological sense). Let 
us show that the corresponding morphisms of the de Rham complexes 
Fq,F 1 *: A*(M 2 ) —* A*(Mi) are homotopic (in the above algebraic sense). 

Let F: M 1 x [0,1] —> M 2 be the homotopy between F 0 and F 1; F 0 (x) = 
F(x, 0), F 1 (x) = F(x, 1). Take a form ui e A l (M 2 ). Then 

F*(u>) = u>i(t) + dt A u> 2 (t), 

where Ui(t) G A*(Mi), cn 2 (t) G A* _1 (Mi) for each t G [0,1]. In particular, 
F 0 *(cn) = cui(0) and F^cn) = cni(l). Set s(lv) = u 2 (t) dt. We have 

F*(du) = d(F*(u)) = du\(t) + dt A a;[(t) — dt A du 2 (t), where ' denotes the 
derivative in f. Hence, s(d(u>)) = /q(uj'i( t ) — du 2 (t)) dt = cni(l) — cni(0) — 
d fl aj 2 (t) dt = Ff(cv) — Fq(u) — d(s(u)), so s is a homotopy between F 0 * 
and F,*. 

Exercise 8.3. Prove that if two manifolds Mi and M 2 are homotopic (i.e., 
there exist maps /: Mi —» M 2 and g: M 2 —> Mi such that the maps fog 
and g o f are homotopic to the identity maps), then their cohomology are 
isomorphic. 

Corollary 8.2 (Poincare lemma). Locally, every closed form 1 v G A l (M), 
du = 0, i > 1, is exact: u = drj. 

A complex K* is said to be homotopic to zero if the identity morphism 
idx* homotopic to the zero morphism, i.e., if there exist maps s l : K l —> 
K 1 - 1 such that idx* = sd + ds. Obviously, a complex homotopic to zero 
has the trivial cohomology. 
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Example 8.5. Let V be a vector space. Take a nontrivial linear functional 
u : V —> k and consider the complex 

A 2 (C) *?-■■■■£- A n-1 (V) 4- A n (C) 4- • • •, 
where d is the inner product with u: 

k 

d(v i A • • • A u fc ) = y^(-l) t+1 u(^)ui A • • • A Uj_i A u i+ i A • • • A u fe . 

2=1 

Take also a nontrivial element v e V and consider the complex 

0-^k4h4 A 2 (C) A-^ A n_1 (E) A A n (C) A • • • , 

where s is the exterior product with v: 

s(v i A • • • A Ufc) = v A Ui A • • • A v^. 

Since d is a derivation of the exterior algebra A*(E), we have (ds + sd)(w) = 
d(v Aw) + v Adw — dv Aw — u{v)w. This means that both complexes under 
consideration are homotopic to zero and, therefore, acyclic. 

Example 8.6. Consider two complexes 

o <- s n {v) 4- s ,n - 1 (y) s n ~ 2 (v) <g> a 2 (e) 4- • • •, ( 8 . 2 ) 

0 -> S n (C) A ) S' n_1 (E) ®yA S n ~ 2 (V ) ® A 2 (C) A... , ( 8 . 3 ) 

where 

<? 

d(w ® Ui A • • • A v q ) = l) l+1 VjW ®v 1 A • • • A Uj_i A Uj+i A • • • A v q , 

2=1 

P 

s(w 1 ■ ■ -w p 0v) = uq • • • iyj_iiu i+ i ■ ■ - w p ®Wi Av. 

2=1 

Both maps d and .s are derivations of the algebra S*(V) ® A*(E), equipped 
with the grading induced from A*(E), therefore their commutator is also a 
derivation. Noting that on elements of S' 1 (E) ® A : (E) the commutator is 
identical, we get the formula 

(ds + sd)(x) — (p + q)x , x G S P (V) ® A q (V). 

Thus again both complexes under consideration are homotopic to zero (for 
n > 0). Complex (8.2) is called the Koszul complex. Complex (8.3) is the 
polynomial de Rharn complex. 

A complex L * is called a subcomplex of a complex K*. if the spaces L l are 
subspaces of K l , and the differentials of L* are restrictions of differentials 
of A'*, i.e., dx^L 1-1 ) C L\ In this situation, differentials of K* induce 
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differentials on quotient spaces M l = K l / L l and we obtain the complex M* 
called the quotient complex and denoted by M* = K'/L*. 

The cohomologies of complexes K *, L*, and M* = K* / L* are related 
to one another by the following important mappings. First, the inclusion 
tp: L* —> K* and the natural projection 0: K* — > M* induce the cohomol¬ 
ogy mappings H\p): H l (L *) —» H l (IC) and 
There exists one more somewhat less obvious mapping 

&: H\M') -> H i+1 (L 9 ) 

called the boundary (or connecting ) mapping. 

The map d l is defined as follows. Consider a cohomology class x G 
H l (M *) represented by an element y G M\ Take an element z G K l such 
that if(z) = y. We have if(dz) = d'tp(z) = dy = 0, hence there exists an 
element w G L 2+1 such that <p(w) = dz. Since ip(dw) = dp(w) = ddz = 0, 
we get dw = 0, i.e., in is a cocycle. It can easily be checked that its coho¬ 
mology class is independent of the choice of y and z. This class is the class 
d l (. x). 

Thus, given a short exact sequence of complexes 

0 —* L' 1C -t AT —> 0 (8.4) 

(this means that <p and 0 are morphisms of complexes and for each i the 

sequences 0 —» L l -4 IC -4 M l —> 0 are exact), one has the following 
infinite sequence: 


rri-1 


H (M*) 


H\L *) H\IC) H\M 9 ) 


44 H l+ \L ’) 

The main property of this sequence is the following. 
Theorem 8.3. Sequence (8.5) is exact. 




(8.5) 


Proof. The proof is straightforward and is left to the reader. □ 

Sequence (8.5) is called the long exact sequence corresponding to short 
exact sequence of complexes (8.4). 


Exercise 8.4. Consider the commutative diagram 

0 -> -> A-2 -* A3 


/ 


9 


h 


o 


0 -> Bi -> B 2 -> B 3 -» 0. 

Prove using Theorem 8.3 that if / and h are isomorphisms, then g is also 
an isomorphism. 
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8.2. Spectral sequences. Given a complex K * and a subcomplex A* C 
A'*, the exact sequence (8.5) on the page before can tell something about 
the cohomology of K *, if the cohomology of A* and A'*/A* are known. Now, 
suppose that we are given a filtration of K *, that is a decreasing sequence 
of subcomplexes 

IC D K{ D A'* D Kl !)•••. 

Then we obtain for each p = 0,1, 2,... complexes 

_. _. TpP,q _. 1 

• • • > C/ 0 > C/ 0 > C/ 0 * ' ' - i 

where Aq’ 9 = K p+q /K p + q . The cohomologies E p,q = H p+ci (Eq *) of these 
complexes can be considered as the first approximation to the cohomology 
of K*. The apparatus of spectral sequences enables one to construct all 
successive approximations A r , r > 1. 

Definition 8.1. A spectral sequence is a sequence of vector spaces E p,q , 
r > 0, and linear mappings d p,q \ E p,q —> E p+r ’ q ~ r+1 , such that d 2 r = 0 (more 
precisely, d p r +r ' q ~ r+1 o d p,q = 0) and the cohomology H p,q (E*’ 9 , d*'*) with 
respect to the differential d r is isomorphic to E p ' q x . 

Thus E r and d r determine A r+ i, but do not determine d r+ i. 

Usually, p + q, p, and q are called respectively the degree, the filtration 
degree, and the complementary degree. 

It is convenient for each r to picture the spaces E p,q as integer points on 
the (p, g)-plane. The action of the differential d r is shown as follows: 


9 



E r 

r + 1 ) 


P 


Take an element a € E p,q . If d r (a) = 0 then a can be considered as 
an element of E p,q x . If again d r+ i(o:) = 0 then a can be considered as an 
element of E p,q 2 and so on. This allows us to define the following two vector 
spaces: 

= { ol € K q I do (on) = 0, d 1 (a) = 0, ... , d r (a) = 0, ... }, (8.6) 

B™ = { a G C™ | there exists an element f3 G E p q such that a = d r (/3) }. 

Set E™ = C 1p i q /B™. A spectral sequence is called regular if for any p and 
q there exists Tq, such that d p,q = 0 for r > ro■ In this case there are natural 
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projections 

EM -> EM -> - >EM, r> r 0 , 

and E™ = inj lim E™. 

Let E and 'E be two spectral sequences. A morphism /: E —> E is 
a family of mappings f*! ,q : E^ q —> E™, such that d r o f r = f r o d r and 
f r+ 1 = H(f r ). Obviously, a morphism /: A —> E induces the maps 
f^ q : E™ —> E™. Further, it is clear that if f r is an isomorphism, then 
f s are isomorphisms for all s > r. Moreover, if the spectral sequences E 
and E are regular, then is an isomorphism as well. 

Exercise 8.5. Assume that E^ q ^ 0 for p > p 0 , q > q 0 only. Prove that in 
this case there exists r 0 such that E™ = E^' q x = • • • = E™ for r > r 0 . 

Consider a graded vector space G = G 1 endowed with a decreasing 
filtration • • • Z> G p D G p+ 1 D ■ ■ -, such that fj ;) G p = 0 and |J G p = G. 
The hltration is called regular, if for each i there exists p, such that G l p = 0. 

It is said that a spectral sequence E converges to G, if the spectral 
sequence and the hltration of G are regular and E™ is isomorphic to 
Gf7G« 

Exercise 8.6. Consider two spectral sequences E and E that converge to G 
and G' respectively. Let /: E —> E be a morphism of spectral sequences 
and g: G —> G' be a map such that fE™ —>■ E™ coincides with the 
map induced by g. Prove that if the map f^ ,q : E^' q —> E^ ,q for some r is an 
isomorphism, then g is an isomorphism too. 

Now we describe an important method for constructing spectral se¬ 
quences. 

Definition 8.2. An exact couple is a pair of vector spaces (.D , E) together 
with mappings i, j, k, such that the diagram 

D D 

k\ i /j 

E 

is exact in each vertex. 

Set d — jk: E —> E. Clearly, d 2 = 0, so that we can define cohomology 
H(E, d) with respect to d. Given an exact couple, one defines the derived 
couple 


D’ -dU D’ 

fc\ /p 

E' 
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as follows: D' = imi, E' = H(E, d ), i' is the restriction of i to D\ f(i ( x )) 
for x G D is the cohomology class of j(x) in H(E ), the map k! takes a 
cohomology class [y], y G E, to the element fc(y) G D'. 

Exercise 8.7. Check that mappings i', f, and k! are well defined and that 
the derived couple is an exact couple. 

Thus, starting from an exact couple C\ = (D,E,i,j,k) we obtain the 
sequence of exact couples C r = (. D r ,E r ,i r ,j r ,k r ) such that C r+ 1 is the 
derived couple for C r . 

A direct description of C r in terms of C\ is as follows. 

Proposition 8.4. The following isomorphisms hold for all r: 

D r = im* r_1 , 

E r = /c _1 (imi r_1 )/j(keri r_1 ). 

The map i r is the restriction of i to D r , j r [i r ~ 1 {x)) = [j(x)\, and k r ([y]) = 
k{y), where [ • ] denotes equivalence class modulo j(keri r_1 ). 

Proof. The proof is by induction on r and is left to the reader. □ 

Now suppose that the exact couple C\ is bigraded, i.e., D = 

E = 0 p E p,q , and the maps i, j, and k have bidegrees (—1,1), (0, 0), (1, 0) 
respectively. In other words, one has: 

jP/i. jjp,q jjp-hq+1 

jP-.q. pgp,q pjp-.q 

fcp,q ■ fipa jjp+ 1 si 

It is clear that the derived couples C r are bigraded as well, and the map¬ 
pings i r , j r , and k r have bidegrees (—1,1), (r — 1,1 — r), (1, 0) respectively. 
Therefore the differential d r is a differential in E r and has bidegree (r, 1 —r). 
Thus, ( E p,q , d p,q ) is a spectral sequence. 

Now, suppose we are given a complex K* with a decreasing filtration K*. 
Each short exact sequence 

0 - k ; + 1 k; k;/k; +1 -> o 

induces the corresponding long exact sequence: 

... 4. h- + "(k; +1 ) v h^-(k;) X h^(k;/k; +1 ) 

Hence, setting Df q = H p+q (K'*) and E{ ,q = H p+q (K*/K* +1 ) we obtain a 
bigraded exact couple, with mappings having bidegrees as above. Thus we 
assign a spectral sequence to a complex with a filtration. 
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Let us compute the spaces E p,q in an explicit form. Consider the upper 
term fc _1 (imi r_1 ) from the expression for E p,q (see Proposition 8.4 on the 
facing page). An element of E p ’ q is a class [x] G H p+q ( K* / K* + ,), x G K p+q , 
dx G Kp+l. The class [xjlies in k~ 1 ( y \mi r ~ 1 ), if k([x\) G H p+q+1 (K* +r ) C 
H p+q+l (K* +l ). This is equivalent to dx = y + dz , with y G K p ff q , z G KpX\- 
Thus, we see that x = (x — z) + z, with d(x — z) G Ep+r- Denoting 

Z™ = {we K p+q I dw G K v v X q r }, 

we obtain C^imf -1 ) = Z p ’ q + K p P Xt- 

Further, consider the lower term j(keri r_1 ) from the expression for E p,q . 
The kernel of the map A -1 : H p+q (K*) —> H p+q (K*_ r+1 ) consists of cocycles 
x G K p+q such that x — d/y for y G So y G Z( J r[ +1 ’ 9+r_2 and 

ker A -1 = d2 *-[+M+»- 2 . Then ^kerf 1 ) = dZ p r l[ +1 ' q+r - 2 + K p + q . 

Thus, we get 

™, = z?” 1 + gg? = 

r dz ,-r+ 1 ,,+r-2 +z r+l, a -l- 

Remark 8.3. The last equality follows from the well known Noether modular 
isomorphism 


M + 7V _ M 
Mi + TV “ Mi + (M n TV) ’ 


Mi C M. 


Theorem 8.5. If the filtration of the complex K* is regular, then the spec¬ 
tral sequence of this complex converges to H*(K*) endowed with the filtration 
Hp(K*) = ini H k (i p ), where i p : K* —> K* is the natural inclusion. 


Proof. Note first, that if the filtration of the complex K* is regular, then 
the spectral sequence of this complex is regular too. Further, the spaces 
and (see (8.6) on page 140) can easily be described by 


C p,q = 


Z p ’ q 

OO 


ryP+ l,q~l ’ 
ZJOO 


B p ’ q 

OO 


(. K p+q n d{K p+q ~ 1 )) + ZPfi 1 *- 1 

7 P+I,q -1 

■^00 


where Z™ = { w G K p+q j dw = 0 }, whence 


E™ = 


Z p ’ q 

OO 


(. K p+q n d{K p+q - 1 )) + Z & 1 ’ 9 - 1 ' 
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7P,g 4. d(K p+q ~ l ) 

Since H p+q (K 9 ) = 00 ' ——-, we have 

p v > d(KP+ q ~ !) 

H£ +<? (if) + d(/l p+ «- 1 ) 

dd^A^) “ Z^- 1 + rf(/iP+9-i) 

Z p ’ q 

— _Z22_ — £PA 

Z p + l ' q ~ l + (dl£ +9 n d(KP+ q - !)) 

This concludes the proof. □ 

Definition 8.3. A bicomplex is a family of vector spaces A'*’* and lin¬ 
ear mappings d!: K p,q —» A' p+1,<? , d ": K p,q —> A' p,9+1 , such that (d') 2 = 0, 
(d") 2 = 0, and d’d" + d"d’ = 0. 

Let K* be the total (or diagonal ) complex of a bicomplex dl* # , i.e., by 
definition, K l = dx — d/ + d". There are two obvious 

hltration of K 9 : 

filtration I: 'K l p = 0 K j,q , 

j+q=i 

j>P 

hltration II: "K\ = 0 K p,j . 

p+j=i 

j>Q 

These two hltrations yield two spectral sequences, denoted respectively 
by E p ’ q and "E p,q . 

It is easy to check that E p,q = "H q {K p ' 9 ) and 'E\' q = 'H q (K 9,p ), where 'H 
(resp., H ) denotes the cohomology with respect to d! (resp., d"), with the 
differential d\ being induced respectively by d! and d". Thus, we have: 

Proposition 8.6. E p ' q = 'H p ("H q (K 9 ’ 9 )) and "E p ' q = "H p {'H q {K 9 ' 9 )). 

Now assume that both hltrations are regular. 

Exercise 8.8. Prove that 

(1) if K p,q = 0 for q < q 0 (resp., p < po), then the hrst (resp., second) 
hltration is regular; 

(2) if K p,q = 0 for q < q 0 and q > q \, then both hltration are regular. 

In this case both spectral sequences converge to the common limit 
H m { K 9 ). 

Remark 8.4. This fact does not mean that both spectral sequences have a 
common infinite term, because the two hltrations of H 9 (K 9 ) are different. 


Let us illustrate Proposition 8.6. 
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Example 8.7. Consider the commutative diagram 


0 

0 

0 


-> K 2 '° K 2 ’ 1 (h '■ K 2 ' 2 


> K 2 


di 


di 


di 


A' 1 - 0 d2 > A' 1 ’ 1 —A' 1 ’ 2 


> K l 


di 


di 


di 


A' 0,0 2 - > A' 0,1 -- 2 -> A' 0,2 


0 0 0 

and suppose that the differential di is exact everywhere except for the terms 
K °>« in the bottom row, and the differential d 2 is exact everywhere except 
for the terms AT’ 0 in the left column. Thus, we have two complexes L\ and 
L*, where L\ = d 2 ), L l 2 = H°(K*' l ,di) and the differential of Lx 

(resp., L 2 ) is induced by d\ (resp., d 2 ). Consider the bicomplex K* ,m with 
(d 1 )™ = d p { q , (d") p ' q = (-1 ) q d p 2 q . We easily get 


E p " q = E™ 


"E™ = "E™ 


E, p ’ q 

oo 


0 

H P {L\) 


"E p ' q 

OO 



if qY 0, 
if q = 0, 

if P Y 0, 
if p — 0. 


Since both spectral sequences converge to a common limit, we conclude that 
— H'(L'). 

Let us describe this isomorphism in an explicit form. Consider a coho¬ 
mology class from Choose an element k l, ° G A'*’ 0 , di(k h °) = 0, 

d 2 (k h °) = 0, that represents this cohomology class. Since di(k h °) = 0, there 
exists an element x G K l ~ 1,0 such that di(x) = k h °. Set k l ~ 1A = —d 2 (x) G 
AT* -1,1 . We have d 2 (k l ~ 1,1 ) = 0 and d^&W 1,1 ) = —di(d, 2 (x)) = —d 2 (di(x)) = 
— d 2 {k l)0 ) = 0. Further, the elements k t,Q and A;* - 1,1 are cohomologous in the 
total complex K *: k h ° — A;* -1,1 = d\X + d 2 x = (d! + d")(x). Continuing this 
process we obtain elements k l ~ j ’ j G di(k l ~ PJ ) = 0, d 2 (k l ~ j ’ j ) = 0, 

that are cohomologous in the total complex K*. Thus, the above isomor¬ 
phism takes the cohomology class of k l, ° to that of k 0,t . 
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Exercise 8.9. Discuss an analog of Example 8.7 on the page before for the 
commutative diagram 
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